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Abstract 

In this paper we propose a general coorbit space theory suitable to define coorbits of 
quasi-Banach spaces using an abstract continuous frame, indexed by a locally compact 
Hausdorff space, and an associated generalized voice transform. The proposed theory 
realizes a further step in the development of a universal abstract theory towards various 
function spaces and their atomic decompositions which has been initiated by Feichtinger 
and Grochenig in the late 1980ies. We combine the recent approaches in Rauhut, Ullrich [50] 
and Rauhut [48] to identify, in particular, various inhomogeneous (quasi-Banach) spaces of 
Besov-Lizorkin-Triebel type. To prove the potential of our new theory we apply it to spaces 
with variable smoothness and integrability which have attracted significant interest in the 
last 10 years. From the abstract discretization machinery we obtain atomic decompositions 
as well as wavelet frame isomorphisms for these spaces. 
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1 Introduction 

The birth of coorbit theory dates back to the 1980ies, starting with a series of papers by 
Feichtinger and Grochenig eh eh E2j. The main intention was to characterize function spaces 
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via an abstract transform, the so-called voice transform. In the original setup, this transform is 
determined by an integrable irreducible representation of a locally compact group on a Hilbert 
space T-L unifying e.g. the continuous wavelet transform, the short-time Fourier transform, and 
the recent shearlet transform, to mention just a few. More recently, representations which are 
not necessarily irreducible nor integrable have been considered [12]. They allow to treat, for 
instance, Paley-Wiener spaces and spaces related to Shannon wavelets and Schrodingerlets. 

Classical examples of coorbit spaces associated to the continuous wavelet transform on 
the ax + 6-group are the homogeneous Besov-Lizorkin-Triebel spaces [551 l56l 157] . identified 
rigorously as coorbits in Ullrich [59] . What concerns further extensions of these spaces and 
interpretations as coorbits we refer to Liang et al. [42{ [43] . More general wavelet coorbit spaces 
associated to a semidirect product G = x H, with a suitable subgroup H of GL(R d ) as 
dilation group, have been studied in [27: ;28t [29] and could recently be identified with certain 
decomposition spaces on the Fourier domain [30]. A specific example of this general setup is 
the shearlet transform, where G is the shearlet group. The associated shearlet spaces have first 
been studied in [9], Other coorbit spaces, based on a voice transform different from the wavelet 
transform, are e.g. modulation spaces [331 [T9] and Bergman spaces [21] , 

Coorbit theory thus covers a great variety of different function spaces. The underlying group 
structure however turns out to be a severe restriction for the theory since the identification of, 
e.g., inhomogeneous spaces of the above type was long time not possible, however desirable. For 
that reason the theory has evolved and several subsequent contributions have weakened among 
others the assumption that the voice transform is supported on a locally compact group. For 
instance, Dahlke, Steidl, and Teschke replaced it by a homogeneous space, i.e., a quotient of a 
group with a subgroup, with the aim to treat functions on manifolds mmn. 

The starting point for the general coorbit space theory presented in this paper is the ap¬ 
proach used by Fornasier and Rauhut m, which was later revised and extended in [25] and 
further expanded in [50] . There, the group structure is abandoned completely and the voice 
transform is determined solely by an abstract continuous frame T = {( p x }xeX hi T~L indexed 
by a locally compact Hausdorff space X (not necessarily a group), i.e., X is equipped with a 
Radon measure /a such that the map x *—> ip x is weakly measurable and that with constants 
0 < Ci,C 2 < oo 

Ci\\m\\ 2 ^ f \(f,<p x )\ 2 d f i(x)^C 2 \\m\\ 2 forall fen. (1.1) 

Jx 

(Note that weak measurability of x >—» (p x in ~H implies that the integral in fll.ll> is well-defined.) 
We combine the approach in [50] with ideas from [48] to define even coorbits 

Co (T,Y):={f : <J,<p x )eY} 

of quasi-Banach spaces Y using the general voice transform associated to T. We thereby also 
recall the relevant details of the existing theory, especially from m [50] and fix some earlier 
inaccuracies. The developed theory yields noteworthy generalizations even for the Banach case, 
e.g. some assumptions made in m [50] can be weakened, such as the uniform boundedness 
of the analyzing frame T or some technical restrictions on the weights and the admissible 
coverings. Most notably however, we can generalize the main results of the discretization 
theory, which is possible since we take a different - more direct - route to establish them. It 
turns out that the three essential Lemmas 12.36112.401 and 12.471 below constitute the technical 
foundation for the proof of the general abstract discretization results in Theorems 12. 48l and 12.501 
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Putting these lemmas at the center of the exposition simplifies many arguments and allows for 
a systematic approach towards new abstract discretization results. In fact, we obtain discrete 
characterizations of coorbit spaces by “sampling” the function using a sub-sampled discrete 
frame Fd = {( p Xi }iel on a suitable index set /. Of course, as usual in coorbit space theory, 
there are several technical assumptions to check. However, a great advantage of the presented 
discretization machinery is the fact that it provides a straight path towards discretization, 
where matters essentially reduce to checking properties (associated to Y) of the analyzing 
frame T. This is in contrast to the usual approach where atomic decompositions and wavelet 
characterizations, useful to study embeddings, s— numbers, interpolation properties etc., are 
often developed from scratch for different related function spaces. 

To prove the potential of the theory presented here, we apply it to identify spaces with 
variable smoothness and integrability, so-called variable exponent spaces, as coorbits. Triebel- 
Lizorkin spaces of this kind are defined via the quasi-norm 
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where the functions Wj are weights and ‘hj are frequency filters corresponding to a dyadic 
decomposition of the frequency plane. For the precise formulation see Definition 13.81 below. 
The functions p(-),q(-) represent certain integrability parameters, which may vary in the spa¬ 
tial variable x of the space. The 2-microlocal weight sequence Wj (•) determines the variable 
smoothness, see [39] for details. Function spaces with variable exponents are a fast developing 
field thanks to its many applications in stochastics, fluid dynamics and image processing, see 
HU and [16] and references therein. The Lebesgue spaces L p ^(M. d ) with variable integrability, 
see Definition P below, were already used by Orlicz [46] . Recent contributions by Diening 
m on the boundedness of the Hardy-Littlewood maximal operator on L p ^{M. d ) make them 
accessible for harmonic analysis issues. 

Surprisingly, the spaces (11.21) can be handled within the generalized coorbit space theory 
presented in this paper. In fact, due to unbounded left and right translation operators (within 
the ax + h-group) a coorbit characterization of homogeneous spaces of the above type already 
seems to be rather impossible at first glance. However, we are able to identify them as coorbits 
Co(J 7 , Y) of, what we call, Peetre-Wiener type spaces Y by using a suitable continuous frame 
T = {px}xeX with the index set X = x [(0,1) u {oo}]. These spaces Y are solid quasi- 
Banach function spaces (QBF) defined on X, see Section |4J] below. Peetre-Wiener type spaces 
can be seen as a mixture of the Peetre type spaces introduced in [59] , and certain Wiener 
amalgam spaces, see m, m ■ They appear naturally when dealing with continuous local 
mean characterizations, a strategy developed in [59] and [42] . In fact, we show in Subsection 
ED below that with large enough a > 0 the quantity 
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denotes the corresponding maximal function, which is essentially a modification of the widely 
used Peetre maximal function, see (13.71) below, and is used in the definition of the Peetre-Wiener 
type spaces, see Definition 14.21 Now the representation (11.31) is actually the identification of 
g(.)(® rf ) as a coorbit space of a Peetre-Wiener type space. Applying the abstract theory, in 
particular Theorem 12.501 we obtain biorthogonal wavelet expansions [6j of the respective coorbit 
spaces. We describe the application of the machinery for the rather simple (orthogonal) Meyer 
wavelets, see Appendix I A. 2 1 Due to its generality, a straightforward modification of Theorem 
12. 501 leads to general (biorthogonal) wavelet expansions and other tight discrete wavelet frames. 

Let us mention that the continuous local mean characterizations (11.31) of spaces with variable 
exponents, see also Theorem 13. Ill are new and interesting for their own sake. In fact, one has 
to deal with additional difficulties since a version of the classical Fefferman-Stein maximal 
inequality, a crucial tool in this respect, is in general not true in L p ^(£ q ^) if q(-) is non¬ 
constant. 

Finally, the provided discretizations of such spaces are not entirely new. In |3?J the au¬ 
thor used a different technique in order to obtain discretizations with Meyer and Daubechies 
wavelets. However, let us mention that the abstract Theorems 12.481 r2.50l below neither restrict 
to orthonormal wavelets nor compactly supported atoms. 

1.1 Outline 

The paper is structured as follows. The abstract theory is established in Section[2] It generalizes 
earlier contributions, especially |24| [50] . and in particular now includes the quasi-Banach case. 
In Section [3] we give a short introduction to variable exponent spaces, which will serve as our 
demonstration object for a concrete application of the theory. We will utilize a new continuous 
local means characterization in Section [4] to identify them as coorbits of a new scale of Peetre- 
Wiener type spaces. The abstract theory then yields atomic decompositions as well as discrete 
characterizations via wavelet frames. Some useful facts concerning the continuous and discrete 
(orthogonal) wavelet transform are collected in the Appendix. 

1.2 Notation 

The symbols N, No,Z,R,R + , and C denote the natural numbers, the natural numbers including 
0, the integers, the real numbers, the non-negative real numbers, and the complex numbers. 
For a real number telwe put (t) + = max{f,0} and (i)_ = min{t,0}. The conjugation of 
z e C is denoted by z. Let us emphasize that M. d has the usual meaning and d e No is reserved 
for its dimension. The symbol | • | denotes the Euclidean norm on and | • |i the 7j-norm. 

The space of all sequences with entries in some set M over some countable index set I is 
denoted by M 1 and we write A(z) for the i-th sequence element of a sequence A e M 1 . 

For topological vector spaces Y and Z the class of linear continuous mappings from Y to Z 
is denoted by C(Y, Z ). The notation : Y Z indicates that Y is continuously embedded into 
Z, i.e., <1 is an injective continuous linear map from Y into Z. If the embedding is canonical 
we simply write Y Z. If Y is equipped with a quasi-norm we use |[/|T|| for the quasi-norm 
of / e Y. The operator quasi-norm of A e jC(Y, Z) is denoted by ||A|y —> Z |[. 

We use the notation a < b if there exists a constant c > 0 (independent of the context 
dependent relevant parameters) such that a ^ cb. If a < b and b < a we write a ~ b. 
Furthermore, we write Y ~ Z for two quasi-normed spaces Y, Z which coincide as sets and 
whose quasi-norms are equivalent. 
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2 General coorbit space theory 

Let Li be a separable Hilbert space and A a locally compact Hausdorff space endowed with a 
positive Radon measure y with supp/r = X. A family T = {<p x }xeX of vectors in Li is called 
a continuous frame (see HI) if the assignment x >—> (p x is weakly measurable and if there exist 
constants 0 < C \, C 2 < 00 such that m is satisfied. Let us record an important property. 

Lemma 2.1. Let F = {'~p x }xeX be a continuous frame in Li and N cz X a set of measure zero. 
Then {'-p x }xeX\N total in Li. 

Proof. Let us put X* := X\N. We have to show that V := span{y? x : x £ X*} is dense in Li. 
Indeed, using the frame property of F, we can deduce for every / T V 

WflUf = f \(f,tp x )\ 2 dy(x) = f |</, Tx)\ 2 dy(x) = 0. 

Jx Jx* 

■ 

To avoid technicalities, we assume throughout this paper that X is cr-compact. We further 
assume that the continuous frame is Parseval, i.e. C\ = C 2 = 1, and note that - apart from 
minor changes - the theory presented here is valid also for general tight frames where C\ = C 2 . 
It is also possible to develop the theory in the setting of non-tight frames, where the associated 
coorbit theory has been worked out in m - at least to a significant extent. 

For 0 < p < 00 we define the Lebesgue space L p (X) := L p (X,/j,) as usual by 

\\F\L p (X,ri\\ := ( f \F(x)\rd^x)y /P <«). 

J X 

A function F belongs to L^X) := L x {fX,fj) if and only if F is essentially bounded. The 
corresponding sequence spaces £ p (I) are obtained by choosing A as a countable index set /, 
equipped with the discrete topology and counting measure /i. 

Associated to a continuous frame T is the voice transform Vjr : Li —* L 2 (X,/j,) defined by 

Vjrf(x) = (f,Tx), feLi,xeX, 

and its adjoint Vft : ^(A, /i) —* Li given in a weak sense by the integral 

V}F= f F(y)v y dv(y). (2.1) 

Jx 

Since we assume the frame T to be Parseval Vjr is an isometry and in particular injective. 
The adjoint Vjr is surjective with ||V^|L 2 —* Li |[ = 1 and the associated frame operator Sjr : = 
Vj-Vjr is the identity. Hence we have 

/= f Vjrf(y) l f y dn(y) and Vj?f(x)= f VFf(y)(<py,<p x )dfi(y). 

Jx Jx 

The second identity is the crucial reproducing formula RxXxf) — V?f f° r / £ Li, where 

Rr{x,y) = Wy^x), x,yeX, (2.2) 

is an integral kernel (operator), referred to as the frame kernel associated to T. It acts as a self- 
adjoint bounded operator Rjr = VjVfp : L 2 (A) —* L 2 (A), which is an orthogonal projection 
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with Rjr(L2{X )) = Vjr('H). The converse of the reproducing formula is also true, i.e., if 
F e L2(X) satisfies Rj^(F) = F then there exists a unique element / e R such that Vjf = F. 

We remark that we use the same notation for the function Rjr : X x X —> C given in 
(|2.2I) and the associated operator Rjr : L2(X) —> L2(X). It is important to note that the 
function Rjr is measurable. Indeed, utilizing an orthonormal basis (/n) ne jq of R we can expand 
Rjr(x,y) = XmeN^sn fn)(fn, Fx) as a point-wise limit of measurable functions. 

The idea of coorbit theory is to measure “smoothness” of / via properties of the transform 
Vjrf. Loosely speaking, the coorbit of a function space on X is its retract with respect to (a 
suitably extended version of) the voice transform. The classical theory and its generalizations 
have been developed for the case of certain Banach function spaces on X. In the classical setup, 
where X is equipped with a group structure, the extension [48] deals with the quasi-Banach 
case, and our aim is to extend the generalized theory from [241 IKO] analogously. 

2.1 Function spaces on X 

We consider (quasi)-Banach function spaces , or shortly (Q)BF-spaces, which are linear spaces 
of measurable functions on X, equipped with a quasi-norm under which they are complete. 
Hereby, functions are identified when equal almost everywhere. Hence, when speaking of a 
function one often actually refers to an equivalence class. In general, this inaccuracy of language 
does not pose a problem. Only when it comes to point evaluations the precise meaning must 
be made clear in the context. 

Recall that a quasi-norm on a linear space Y generalizes the concept of a norm by replacing 
the triangle inequality with the more general quasi-triangle inequality 

1/ + 2 NCV(||/|| + ||<7||), f,geY, 

with associated quasi-norm constant Cy ^ 1- Many aspects of the theory of normed spaces 
carry over to the quasi-norm setting, e.g. boundedness and continuity coincide, all d-dimensional 
quasi-norms are equivalent, etc.. An important exception is the Hahn-Banach theory concerned 
with the dual spaces. Note that the (topological) dual Y' of a quasi-normed space Y, equipped 
with the usual operator norm, is always a Banach space. Due to the possible non-convexity 
of the quasi-norm however, it may not be sufficiently large for the Hahn-Banach theorems to 
hold. In fact, Y' may even be trivial as the example of the L p -spaces in the range 0 < p < 1 
shows. This fact poses a serious problem for the theory. 

An important tool for dealing with quasi-norms is the Aoki-Rolewicz theorem mm , which 
states that in every quasi-normed space Y there exists an equivalent r-norm - in the sense of 
an equal topology - where an r-norm, 0 < r < 1, satisfies the r-triangle inequality 

ll/ + #<|[/]| r + IM| r . fr^Y, 

and in particular is a quasi-norm with constant Cy = 2 1 / r_1 . The exponent r 
of the equivalent r-norm is called the exponent of Y. 

For a viable theory we need to further restrict the class of function spaces 
function space Y on X is called solid, if the following condition is valid, 

/ //-measurable, g e Y, |/(x)| ^ \g(x)\a.e. => f eY and \\f\Y\\ ^ ||p|y||. 


— l/(log 2 Cy + 1) 
. A quasi-normed 
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In a solid space Y we have the equality || |/| |y|| = ||/|y|j for every / e Y. Moreover, there is a 
useful criterion for a function / to belong to Y, 

f e Y |/| e 1" and / fi- measurable. 

A function space shall be called rich , if it contains the characteristic functions xi< for all 
compact subsets K c: X. A rich solid quasi-normed function space on X then contains the 
characteristic functions \U f° r all relatively compact, measurable subsets U cz X. 

We will subsequently develop coorbit theory mainly for rich solid QBF-spaces Y, that are 
continuously embedded into L l ° c (X). As usual, the spaces L l ° c (X) := L l ° c (X, p), 0 < p < oo, 
consist of all functions F where ||.Fxk|-A,(A’)|| < 00 for every compact subset K c X. The 
case, where Y yb L l ° c (X), is shortly commented on at the end of Subsection 12.41 

It is important to understand the relation between the quasi-norm convergence and the 
pointwise convergence of a sequence of functions in Y. We have the following result. 

Lemma 2.2. Let Y be a solid quasi-normed function space on X, and assume f n -*fin Y. 
Then for arbitrary but fixed representing functions f n , f the following holds true. For a.e. x £ X 
there is a subsequence (fn k )ke N> w ^ ose choice may depend on the particular x e X, such that 
7n k {x) -> f(x) as k > GO. 

Proof. Assume first that f n —» 0 in the quasi-norm of Y, which implies ||/ n |y|| —> 0. As 
inf m^n I/m| is a measurable function with inf mS > n \f m \ ^ | A| for all k ^ n we have inf m ^ n |/ m | e 
y with ||inf mSsn | fm ||y| < ||A|y 1 for all k > n by solidity. It follows 0 < \\inf m>n |/ m ||y|| < 
inf m ^ n |j/m|y|| = 0, and hence |/ m |(x) = 0 for a.e. x e X. This implies that for 

these x e X there is a subsequence (fn k )keN such that fn k ( x ) 0- Now let f n —> /. Then 
(fn — /)—>• 0 and by the previous argumentation for a.e. x e X there is a subsequence (fn k )keN 
such that fn k (x ) - f(x) -» 0, whence f nk (x) -»• f(x). ■ 

Remark 2.3. A more thorough investigation of pointwise convergence in solid quasi-normed 
function spaces is carried out in It turns out that Lemma 1 2.°A can be strengthened using 

M Cor. 2.2.9] and the fact that X is a-finite (see Step 1 in the proof of Lemma \2.14\ ). In fact, 
there is a subsequence (fn k )keN> independent of x e X, with fn k (x ) —> f(x) for a.e. x £ X. 

2.2 Associated sequence spaces 

Let us take a look at sequence spaces associated with a function space Y on X. For this 
we recall the notion of an admissible covering introduced in |241 50] . We say that a covering 
U = {Ui}i e j of X is locally finite if every xel possesses a neighborhood which intersects only 
a finite number of the covering sets U l . 

Definition 2.4. A covering IA = {Ui}i e j of X is called admissible, if it is locally finite and if 
it satisfies the following conditions: 

(i) Each Ui is measurable, relatively compact and has non-void interior. 

(ii) The intersection number cr(lA) := sup ie j |){j : Ui n Uj A 0 } is finite. 

A covering of a locally compact Hausdorff space is locally finite if and only if every compact 
subset intersects only a finite number of the covering sets. Hence, every locally finite covering 
of the cr-compact space X is countable. In particular, the following lemma holds true. 
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Lemma 2.5. Every admissible covering of the a-compact space X has a countable index set. 
Following |24| [50] we now define two types of sequence spaces associated to Y. 


Definition 2.6. For a rich solid QBF-space Y on X and an admissible covering U = {Ui}i e j 
of X the sequence spaces Y b and Y^ associated to Y and U are defined by 

Y b = Y\U) := {{A i} ieI : ||{A i } i6/ |y b || := II £ |A,| X[/i |y| < oo} , 

iel 

Y* = Y\U) := {{AiJfej : ||{A i } fe/ |^|| := j| £ IX^U^xu^ < oo 


Note that due to Lemma[23]the index set I of these sequence spaces is necessarily countable. 
Also observe that due to condition (i) of Definition 12.41 and supp/z = X we have fiiJJi) > 0 for 
every iel, and in turn ||%j/ i |Y’|| > 0. 

Viewing a sequence as a function on the index set I, equipped with the counting measure, we 
subsequently use the terminology introduced above for function spaces. For better distinction, 
we will speak of a quasi-Banach sequence space and use the abbreviation QBS-space. 

Proposition 2.7. The sequence spaces Y^llA) and Y^(hi) are rich solid QBS-spaces with the 
same quasi-norm constant Cy as Y. 


Before we give the proof of this proposition let us establish some useful embedding results. 
First observe that the mapping 

l\ -.Y^ ^Y\\i~ (2.3) 


is an isometric isomorphism between y b and Y\ which allows to transfer statements from one 
space to the other. Moreover, if infj e j /z(t/j) > 0 we have the embedding Y b Y^. Analogously, 
supjgj /z(t/j) < oo implies Y^ y b . Consequently, Y b ~ Y^ if both conditions are fulfilled. 

Let v : I —> [0, oo) be a discrete weight and define ||A|fp|| := ||Azz|£ p || for 0 < p ^ oo and 
A e C 1 . The space £p(I) ■= {A e C 1 : ||A|£p|| < oo} is a QBS-space with quasi-norm || ■ \£p\. 

Lemma 2.8. Let 0 < p ^ 1 be the exponent ofY. We then have the continuous embeddings 
ef<j)^Y\u)^e£(i) and ef(i)^Y\u)^e£(i) 


with weights defined by uj\i) : = llxt/J^II an d := 1 ||xc/J^!l f or * e I- 

Proof. We have ||{A i } i 6 / |y l ’p = \\l lieI \X i \xu i \Y\\ p < % ieI \\i\ p \\ X U t \Y\\P = \\ p for 

{Aj}iE/ e ■ If {Aj}ie/ e y b we can estimate for every j e I 

|A > b (j) = lA.-llx^iyll = HNx^ll < ISlAilx^ Y = ||{A i } ie/ |y b ||. (2.4) 


iel 


The embeddings for Y^ follow with the isometry (12.31) . I 

The weights w b and also occur in the following result. 

Corollary 2.9. For every j e I the evaluation Ej : {A ? ; >—>• A j is a bounded functional on V b 

and Y^ with ||iA,'|y b —* C|j ^ (w b (j)) -1 and ||.Ej|y^ —> C|| ^ (u^Q')) -1 . 
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Proof. For Y b this follows directly from (12.41) . The argument for Y^ is similar. I 

Now we are ready to give the proof of Proposition 12.71 
Proof. [Proof of Proposition 12.7| We prove the completeness of y b . The result for Y b follows 
then with the isometry (12.31) . A Cauchy sequence (A n ) ng j^ in Y” is also a Cauchy sequence in 
by Lemma 12.81 Let A be the limit in t°f, . We show that A e and A = linin^oo A n in the 
quasi-norm of y b . For this task let us introduce the auxiliary operator A(A) := ^ ieI \A{i)\xun 
which maps A e C 1 to a nonnegative measurable function on X. 

For aeC and A, Ai, A 2 e C 1 we have A(aA) = |a|A(A) and A(Ai + A 2 ) A(Ai) + A(A 2 ). 
We also have 

l^(Ar) - A(A 2 )| ^ 2 IIArWI - |A 2 (*)|| XUi < E [Ai(i) - A 2 (*)| Xu, = A( A, - A 2 ). (2.5) 

iel iel 

A sequence A € C 1 belongs to Y b if and only if A(A) e Y. and we have the identity 

|A|r b || »||A(A)|y|. ( 2 . 6 ) 

Since A is the limit of (A n ) ng ^j in it holds lim n _ ) . 0O | A(z) — A n (i)| = 0 for all iel. Considering 

the local finiteness of the sum in the definition of A it follows that 

lim A (A — A ra )(x) = 0 for all x e X. (2-7) 

n—► 00 

The rest of the proof relies solely on Properties (12.51) - (12.71) of the operator A and the solidity 
and completeness of Y. First we show A (A) e Y which is equivalent to A e y b according to 
(12.61) . The sequence (A(A„)) ng j^ is a Cauchy sequence in Y because with (12.51) we can estimate 
||A(A n ) — A(A m )|y|| ^ ||A(A„ — A m )|y|j = [|A n — A m |y b [|. Furthermore, from (12.71) and (12.51) it 
follows lim n _»ao A(A n )(x) = A(A)(x) for all x e X. Since Y is complete we can conclude with 
Lemma 12.21 that A(A n ) —> A(A) in Y and A(A) 6 Y. Finally we show A = lim n _»ao A n in y b . 
The sequence (A(A„ — A)) ng j^ is a Cauchy sequence in Y, because with (12.51) we get 

||A(A n - A) - A(A m - A)|y|| ^ ||A(A n - A m )\Y\\ = ||A n - A m |y b ||. 

Using (12.71) and Lemma 12.21 we deduce A(A n — A) —* 0 in Y. In view of (12.61) this finishes the 
proof. 

We finally study sequence spaces where the finite sequences are a dense subset. Since y b 
and Y* are isometrically isomorphic via the isometry /' from (12.31) . and since /) is a bijection 
on the sequences with hnite support, these are dense in y b if and only if they are dense in 
y b . The next result occurs in [24] Thm. 5.2] in the context of Banach spaces. However, the 
boundedness of the functions required there is not necessary. 

Lemma 2.10. If the functions with compact support are dense in Y the finite sequences are 
dense in Y^ifA) and Y\U). 

Proof. Let A = {A i}iei e y b and fix e > 0. Then F := |Aj|xt/i e Y and there exists 
a function G e Y with compact support K such that \\F — Gjy|[ < e. As the covering 
U = {Ui}i e i is locally finite, the index set J := {iel : Ui r K A 0} is finite. Let A be the 
sequence which coincides with A on J and vanishes elsewhere. Then F := ^ i , |Aj|x;7; e Y and 
|F—F| ^ \F—G\. Using the solidity of Y we conclude ||A— A|y b || = ||F—P|y|[ ^ ||F—Gjyjj < e. 

■ 

For a countably infinite sequence A = {A i}iei, a bijection a : N —> I and neNwe define Af 
as the sequence which coincides with A on cx({ 1,..., n}) and is zero elsewhere. 
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Lemma 2.11. LetU = {Lj}j S / be an admissible covering and assume that there is a bijection 
a : N —> I. The finite sequences are dense in Y°(U) if and only if for all A e Y y (U) it holds 
K - A in the quasi-norm ofY^fU) for n — * oo. 

Proof. Assume that the finite sequences are dense. For n e N we can then choose a finite 
sequence r n e Y b with ||r n — A|Y b || < 2~ n . By solidity of Y we get for A^ ^ 1 + max{fc e 
N|r n (<r(A;)) Y 0}, with the convention max0 = 0, the estimate ||A^ — A|Y I, || < ||r n — A|Y^|| < 
2~ n . The other direction is trivial. 

We end this paragraph with an illustration and examine the sequence spaces associated to 
the weighted Lebesgue space L^{X), defined by j[l ? |Lp(X)|j := ||AV|A p (A’)|| < oo, where u is a 
weight and 0 < p ^ oo. In this special case we have a stronger statement than Lemma 12.81 


Proposition 2.12. Let li = {Ui}i e j be an admissible covering of X, v be a weight and 0 < 
p ^ oo. Then for Y = L^{X) we have Y^(U) — (/) and Y^ilA) — £p P (I) with weights given 

b V Vp(i) : = WxUi\Lp{X)\\ and v),(i) := fori e I. 

Proof. We give the proof for 0 < p < oo and Y = L^{X). For {A*}«=/ e C 1 we can estimate 

||{Ai} ie /|Y b || p = Y =f I Yi W\XUi(y)v{y) P dp,{y) 

iel J x iel 

» f Ei A ‘i p w.w p ‘ / (») p ' i '‘W = Si A ‘i ! ’f xuAvr^nrd^y) = 

Jx iel iel Jx iel 


where we used that the intersection number cr(U) is finite and the equivalence of the p-norm 
and the 1-norm on Applying the isometry (12.31) yields the result for YK M 


2.3 Voice transform extension 

For the definition of the coorbit spaces, we need a sufficiently large reservoir for the voice 
transform. Hence we extend it in this paragraph following [24]. For a weight v : X —> [l,oo) 
we introduce the space Tif := {/ e TL : Vjf e L\{X, p)} . Since T is total in TL by Lemma [2.II 
it is easy to verify that ||/|’Hi|| := ||V^-/|Ly|| constitutes a norm on TL\. Further, we define the 
kernel algebra 

.4.1 := {K :IxI->C : A" is measurable and ||-A|.Ai|| < oo}, 
where ||A'|Ali|| := max j esssup \K(x, y)\dp(y) , esssup \K(x,y)\d/i(x) >■. 

1 xeX ' yeX ' 

Associated to v is a weight m v on X x X given by 

f v{x) u(y )) 

m u {x,y) = maxi—-,—-}, x,y e X. 
lv(y) v{x)) 

The corresponding sub-algebra A mu co A\ is defined as 

A mw := {K : X x X -> C : Km v 6 Ai} (2.8) 

and endowed with the norm ||AT|.4 m J| := ||.K’m I/ |.Ai||. Note that a kernel K e A m „ operates 
continuously on L\(X) and (Af) with \K\L\(X) —*■ L\(X )||, \\K\L]/fi(X) —> (X)\\ 

||A'|.A m J|. Technically, the theory rests upon (mapping) properties of certain kernel functions. 
A first example of a typical result is given by the following lemma. 
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Lemma 2.13. Assume that for a family Q = {if x } xe x c TL the Gramian kernel 


G[G, F](x,y) := (y y ,ip x ) x,yeX , (2.9) 

is contained in A m „. Then e TL” with HV’sl^ill ^ ||Cr[£7, T : '\\A mv ||i^(a;) for a.e. x e X. 

Proof. We have \\G[G, F]\A mv || > Sx \ V ^x{y)\^) dy{y) = 11 for a.e. x £ X. ■ 

The theory in (24} 150] is developed under the global assumption that F is uniformly bounded, 
i.e. I^eII ^ Cb for all x £ X and some Cb > 0. This assumption can be weakened. 


Lemma 2.14. Let v > 1 be a weight such that the analyzing frame J~ satisfies 
(i) ||( / ? x |'%|| ^ Cbv(x) for some constant Cb > 0 and all x e X, 

( 2 . 10 ) 

(a) Rb £ A iril/ ■ 

Then TL” is a Banach space and the canonical embedding TL” TL is continuous and dense. 
Moreover, there is a subset X* cz X such that y x e TL” for every x e X* and y(X\X*) = 0. 
The corresponding map T : X* —> TL 1 (, x t—> y x is Bochner-measurable in TL”. 

Proof. A Cauchy sequence (/n) ne N c TL” determines a Cauchy sequence (F n := Vfn) ne ?$ in 
L”, which converges to some F £ L”. Since the kernel R £ A mv operates continuously on L”, the 
equality F n = R(F n ) for n £ N implies F = R(F). Furthermore, because of ||<£> X |'H|| ^ C B v(x) 
it holds \R{x,y)\ ^ Cgv(x)v(y) for all x,y £ X and we can deduce 


L 


\F(x) I = R{x,y)F(y)dy{y) 


< c pMx. 


L 


\F{y)W{y) dy(y) = C 2 B v(x) 


\F\L\\\ 


This shows F £ L 1 ^ , and as n L” a L 2 even F £ L 2 . The reproducing formula on TL 
yields / £ TL with Vf = F e L”, which implies / £ TL”. Since \\f n — /|'Hi|| = \\F n — P|L]'|| we 
obtain f n —> / in TL”. This proves the completeness. To prove the continuity of the embedding 
we observe ||/i|?f|| 2 = ||P/i|L 2 || 2 ^ |P/i|L^||||/i|'H(j / || for h e TL”. Together with ||Ph|L^|| ^ 
su PxeX | \\h\TL \\| ^ C B \\h\TL\\, where ||(/? X |'H|| < Cbv(x) was used, the continuity follows. 

Due to Lemma f2.131 applied with G = F, there is a null-set N a X such that ip x £ TL” for every 
x £ X* := X\N. The density of TL” TL is thus a consequence of the totality of {( p x } x eX * 
in TL, as stated by Lemma 12.11 It remains to prove the Bochner-measurability of T. Since 
Vb : TL” —> Vb(TL”) is an isometric isomorphism, it suffices to confirm that 


® := Vb o 4- : X* - L\(X),x ~ Vb<Px 


is Bochner-measurable in L”(X). The proof of this is divided into three steps. 

Step 1: Let us first construct an adequate partition of X. Since y is a Radon measure, by 
definition locally finite, all compact subsets of X have finite measure. As X is assumed to be 
(7-compact, the measure y is thus (7-hnite. Hence X = f° r cer t a i n subsets L n c X of 

finite measure. By subdividing each of these sets further into L n}Tn := {x £ L n : v(x) ^ m}, 
disjointifying these subdivided sets, and finally by renumbering the resulting countable family of 
sets, we obtain a sequence {K n ) ne fq of pairwise disjoint sets of finite measure with X = K n 

and such that v{x) ^ C n holds for all x £ K n and suitable constants C n > 0. 

Step 2: We now show that for every n £ N the function 

: X* L”(X),x VbT> x ■ XK n 
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is Bochner-measurable in L\(X). To this end, let (fe)g e be an orthonormal basis of with 
fa e Tii for all f eN. Such a basis exists since T~L is separable and T~L\ is a dense subspace of "H. 
Then we define the functions 


<$>g:=V T f t eL\{X) and G n/ := V T f t ■ X K n e L\(X). 


Note that &g(x) = (tp x , fg) is the l-th. expansion coefficient of (p x with respect to ( fi)g e pp Due 
to the measurability of <f>^ € L\(X) the function x <&g(x)G n) g is clearly Bochner-measurable. 
Since the pointwise limit of Bochner-measurable functions is again Bochner-measurable, Step 2 
is finished if we can show that for every fixed x e X* 

N 

T n (x) = lim in L”{X). 

This follows with Lebesgue’s dominated convergence theorem: For every y e X we have 
N N 

lim V $e(x)G n> t(y) = lim V T ( V $e(x)f t )(y) ■ XK n (y) = Vjnp x {y) ■ XK n (y) = ^ n(y )■ 

N —>ao ( N —>oo V p - 1 / 

Note here that tp x = Xif=i with convergence in and in general Vjrg^(x) —* V B g(x) 

for fixed x e X if g^ —* g in T-L. Finally, we estimate using ||^ a; |?^|| ^ Cbv(x ) 


2 


®t{x)G n> g{y) 


N i TV i 

< (El^(x)| 2 )’(E|Gn,((!/)| 2 )’ 

V £=l T=1 

< \Vx\H\\<Pv\H-\xK n (v) < G B i'(y)\\<Px\'H\\XK n (y) < C B C n \\ip x \'H\\xK n (y)- 


Since K n is of finite measure this provides an integrable majorant (with respect to y ). 
Step 3: Similar to Step 2 the Bochner-measurability of T is proved by showing for x e X* 


N 

T(x) = lim V % n (x) in L\(X). 

N —>oo 

n =1 


The pointwise limit is obvious: For every y e X we clearly have 

N N 

[$(x)](y) = V B ip x (y) = lim £ XkJv) ■ Vr<p x (y) = lim [$ n (x)](y). 

TV—>oo t — 1 N —>oo 

n=l n=l 


Using Lebesgue’s dominated convergence theorem with majorant |'F(x)| proves the claim. 

■ 

Under the assumptions (12.1011 we therefore have the chain of continuous embeddings 

where (%i) n denotes the normed anti-dual of 'Hj', which plays the role of the tempered distri¬ 
butions in this abstract context. Moreover, there is a subset X* cz X with g(X\X*) = 0 such 
that <p x e ~H][ for x 6 X*. Hence we may extend the transform Vj : —> Lz{X) to {JiiY by 

Vrf(x) = <J,<p x }, xeX*Je (Utf, (2.11) 

where (■, •) denotes the duality product on ('x Kj. The anti-dual is used so that this 
product extends the scalar product of 'H. 
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Lemma 2.15. Under the assumptions (|2.10l) the extension ([2.111) is a well-defined continuous 
mapping Vj : (fiifi)' -> L l Jfi(X). 

Proof. Let / e {fWfy . The function Vj^f(x) = is well-defined for every x £ X*. It 

determines a measurable function on X, in the sense of equivalence classes, due to the Bochner 
measurability of x >—► (p x in Rfi proved in Lemma 12.141 Using Lemma 12.131 we can estimate 

\Vrf(x)\ = |</, <p x )\ ^< ||/|(^)1||^|AnJK0- 

This shows Vjrf e Lf(X) with ||Uf/|L^|| ^ \\f\{R\y\\\\Rjr\ArnA- 

■ 

Remark 2.16. The membership Rjr e A mv does not ensure J- c; Rf, wherefore the extended 
voice transform (12.111) might not be defined at every point x e X. This detail has not been 
accounted for in preceding papers, and fortunately it is negligible since functions on X are only 
determined up to fi-equivalence classes. Therefore we - as in MW - will henceforth assume 
T c: R\ to simplify the exposition. 

We proceed to establish the injectivity of the extended voice transform. To this end, the 
following characterization of the duality bracket (•, O’Hipx'Hj' w iH be useful. 

Lemma 2.17. If T has properties ()2.10l) . then for all f £ (R^y am ^ 9 e ^ holds 

= J Vrf(y)Vrg(y) dfj,(y) =: (Vjrf,Vjrg) L 
Proof. Let / 6 (Ri) n and g £ R\. Then Vjg £ n L\ and we get 

</, g) = </, v}Vf9) = (V, VT9{y)T y dn{yyf 

= VT9{y)(f,Vy)diJ,(y) = (Vjrf,Vjrg) L v» xL „- 

For this equality, it is important that the duality product commutes with the integral. To 
verify this, note that since G := Vjg £ L\ the integral G(y)ip y dfi(y) also exists in the 
Bochner sense in Rf. Indeed, in view of Lemma 12.141 the integrand is Bochner-measurable in 
R][. Bochner-integrability follows then from the estimate 

f \G(y)\- \\ip y \Rl\\dpt(y) ^HRj-IAnJI f \G(y)Hy) d^(y) = \\R T \A m J\\G\L^\\, 

Jx Jx 

where Lemma 12 .1 31 was used. Moreover, the value of the Bochner integral h := G(y)<p y dp(y) 
equals g since for every ( £ TL 

(9, 0=|' Vjrg{y) ■ Vjr((y) dy{y) = < h , C>- 

Jx 

■ 

Using Lemma 12.171 we can simplify the proof of [241 Lem. 3.2], 

Lemma 2.18. Assume that the analyzing frame T has properties (12.101) . Then the expression 
\\Vxf\L^ || is an equivalent norm on {TCfi) 1 . 
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Proof. We already know from Lemma 12.151 that UPf/IL^H < ||/|(^fi) ||- For the estimate 
from below we argue with the help of Lemma 12.171 


mvY 


sup |< MWpxWi' 
INWflbl 


sup I <V>/, Vjrh) 1/, 

\\h\H\W=l 00 


xL? 


^ sup \(Vrf,H) l ,„ \ = \\Vj:f\L)l v 

HeL",\\H\L"\\^l 00 1 


A direct consequence of this lemma is the injectivity of Vj. 

Corollary 2.19. The voice transform Vj : {Til) —* iYfY (A) is continuous and injective. 

The injectivity of Vj on {R\Y implies that T is total in 'Hf. 

Corollary 2.20. Let N c X be a set of measure zero. Then {<p x }xeX\N total in Tii- 

Proof. If this is not the case, the closure C of span{(/? x : x £ X\N} in H" is a true subspace, 

and the Hahn-Banach extension theorem yields / 8 (fHfY, / ^ 0, with (/, Cf) = 0 for all (eC. 

Hence, Vjr/(x) = 0 for a.e. x 8 X and therefore / = 0 by injectivity of Vj, which is true even 

with respect to /i-equivalence classes in the image space. This is a contradiction. 

The adjoint Vff : lYY (X) —> {R\Y of the restriction Vjr : TL\ —* L\{X) naturally extends 

the adjoint of Vj : TL —> L 2 {X) due to the equality (F,Vjr(f) i/ v = {F,Vj^0l 2 xL 2 hi case 

^00 X ^1 

Cj £ Ti\ and F £ lYJY n L 2 , and it can also be represented by a weak integral of the form (12.11) . 
The relations 


V}V T f = / and VjrVff(F) = R(F) (2.12) 

remain valid for the extension, i.e., they hold for / £ (fH\Y and F £ Lff. Indeed, Lemma [2.171 
yields (VjfVjrf, C) = (Vj-f, Vjr£)y v = </, C) for all C e U\. Further, we have VjrV}F(x) = 

-^00 * -^1 

(VjrF, ifx) = F(y)(ip y ,ip x )dn(y) = R{F)(x) for all x £ X. 

An easy consequence of the relations (12.121) is the important fact that the reproducing 
formula extends to (Wf) , a result obtained differently in j24| Lemma 3.6]. 

Lemma 2.21. Let v ^ 1 be a weight on X and assume that the analyzing frame F satisfies 
(12.101) . Then Vjrf(x) = R{Vff)(x) for every f e ( WfY and x £ X. Conversely, if F £ L l JY {X) 
satisfies F = R(F) then there is a unique f £ (Hi) such that F = Vjf. 

Proof. According to (12.121) we have R(Vf) = VV*Vf = Vf for / 8 (TL\Y. For the opposite 
direction assume that F e L l JY satisfies F = R(F). Then by (12.121) the element V*F £ {fH\Y 
has the property VV*F = R(F) = F. It is unique since V is injective on (TL\Y ■ I 

Finally we state the correspondence between the weak*-convergence of a net ( fi)iel in (R-iY 
and the pointwise convergence of (Ff/jXg/ (compare [24 , Lem. 3.6]). 

Lemma 2.22. Let ( fi)i<=i be a net in (TL^Y. 

(i) If ( ff)iei converges to some f £ (R-iY * n the weak*-topology of (fbCYY, then (Vxfi)iel 
converges pointwise to Vjf everywhere. 
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(ii) If converges pointwise a.e. to a function F : X —> C and if (/j)j e j is uniformly 

bounded in (Hi) 1 , then ( fa)iei converges to some f e (' Hi ) n in the weak*-topology with 
V T f = F a.e.. 

Proof. We give a proof for sequences (fn) ne f$ which extends straightforwardly to nets. 

Part (i): The weak*-convergence implies (f n , ipfa) —*■ (/, (p x ) for n —* oo and all x e X. 

Part (ii): Let X * cz X denote the subset where the sequence (KF/n) ne pj converges pointwise. 
The space M = spanj^ : x £ X*} lies dense in H\ by Corollary 12.201 We define a conjugate- 
linear functional / on M by f(h) := lim n _>oo (fn, h) for h £ M. By assumption, there is C > 0 
so that |/„|(7^)1 C, which leads to |(/ n ,/i)| ^ Cj|/i|77i|| for all n e N 

and shows that / is bounded on M with respect to || ■ | H\\. Hence it can be uniquely extended 
to some / e (Hi) 1 . For e > 0 and f e H\ we choose h e M such that || h — Q\H\ || < e. We get 

i</n - /, oi < lie - h\Hf\\ • \\f n - f\(H\y\\ +1</„ - /, oi < e(c + \\f\my\\) + \</ n - /, oi- 

Letting n —* oo it follows limsup^^oo |(/ n — /, 01 ^ e(C + ||/|('Hi)~ , ||)- This holds for all e > 0, 
hence, lim n _ >00 |(/n — /, 01 = 0- This shows that f n —» f in the weak*-topology of (Hfay. As 
a consequence Vpf(x ) = </, <p x ) = lim n _ >00 (/ n , < p x ) = lim^* Vjrf n (x ) = F(x) for all x 6 X*. 

■ 

A direct implication is the correspondence principle with respect to sums formulated below. 

Corollary 2.23. If 0;e/~ /* converges unconditionally in the weak*-topology of (Hfafa then the 
series ^i e iVjrfa(x) converges absolutely for all x £ X. Conversely, if X0/ ^T.fi(x) converges 
absolutely for a.e. x £ X and if the finite partial sums of^ ieI fa are uniformly bounded in (Hfa) 
then 2j e j fa converges unconditionally in the weak*-topology. 

2.4 Coorbit spaces 

In this central part we introduce the notion of coorbit spaces, building upon the correspondence 
between elements of (Hfay and functions on X as established by the transform Vj. The idea is 
to characterize / £ (H\y by properties of the corresponding function Vjf. For a viable theory 
the analyzing frame F must fulfill certain suitability conditions with respect to Y. 

Definition 2.24. Let v ^ 1 be a weight on X. We say that T has property F(v,Y) if it 
satisfies condition (12.1011 and if the following holds true, 

(i) Rjr : Y —> Y acts continuously on Y, 

(ii) Rjr(Y) — Li v (X). 

Condition (12.101) ensures that the voice transform extends to (Hfay. Further, conditions (i) 
and (ii) imply that Rj^F(x) = Rjr(x,y)F(y) dy(y) is well-defined for a.e. x £ X if F e Y. 

In addition, also due to (i) and (ii), the operator Rjr : Y —> Lx (X) is continuous: For F eY 
we have R(F) £ (X) and 

\\R(F)\L)ly\\ < ||f?(F)|y|| sc \\R\Y - y|| • ||F|y||. 

In view of Definition 12.241 it makes sense to introduce the following subalgebra of A m , v from 

(Z2D 

By,m,, = {K : X x X —> C : K £ A m „ and K is bounded from Y —> Y }, 
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equipped with the quasi-norm ||A|£>y jm J| := max{||A'|.4 mi/ 1|, \\K\Y —> Y||}. 

Now we are able to give the definition of the coorbit of a rich solid QBF-space Y. 

Definition 2.25. Let Y be a rich solid QBF-space on X and assume that the analyzing frame 
F = {<p x }xeX has property F(v,Y) for some weight v : X —> [1, oo). The coorbit of Y with 
respect to F is defined by 

Co(iy,F,Y) : = {/ e (Hiy : V;rf e Y} with quasi-norm \\f\Co(u, F, Y)|| := ||V>/|Y||. 

Since the coorbit is independent of the weight v in the definition, as proved by the lemma 
below, it is omitted in the notation and we simply write Co(F, Y) : = Co (v,F,Y). Moreover, if 
the analyzing frame F is fixed we may just write Co(Y). 

Lemma 2.26. The coorbit Co (is, F, Y) does not depend on the particular weight v chosen in the 
definition in the following sense. If v ^ 1 is another weight such that F has property F(D,Y ) 
then we have Co (D,F,Y) = Co(is, F,Y). 

Proof. If T has properties F(u, Y ) and F(D , Y) it also has property F(u, Y) for w = v + v. We 
show Co(cn, Y) = Co (u,Y). Since u) ^ v we have the continuous dense embedding Hf c —> HI 
which implies (H\Y =—> (HfY and hence Co (v,Y) c: Co(cn,Y). For the opposite inclusion let 
/ e Co(u;,Y). Then / e (HfY and F := Vf e Y with R(F) e by property F(u,Y). 
Since F = R(F) according to the reproducing formula on (HfY we thus have F e lYY■ The 
inverse reproducing formula on ( H\Y then yields / e (fWfY c Y^-iY with V f = F, which due 
to the injectivity of V is equal to /. This shows / £ (H”) , and as Vf £ Y even / £ Co(u,Y). 
Finally note that the quasi-norms on Co(w,Y) and Co(iY) are equal. Analogously it follows 
Co (uj,Y) = Co(Y,Y). ■ 

Remark 2.27. The claim of Lemma \2.26\ has to be understood in the sense 

{f\w x ,xex) : / e Co (t,F,Y)} = {ff^x) : / e Co(zz, T , Y)} 

since the two spaces are not strictly speaking equal. Further, the span Qp x '■ x e -X”) is dense in 
Hi and H\, thus the notation Co (D,F,Y) = Co (v,F,Y) is justified. 

Regarding the applicability of the theory, it is important to decide whether a given analyzing 
frame F = {<p x }xeX has property F(u,Y). In the classical theory, where A" is a group, the 
frame is of the special form (p x = n(x)g, where 7r is a group representation and g E H a suitable 
vector. In this case properties of T break down to properties of the analyzing vector g, and 
it suffices to check admissibility of g, see (22 G2J E2]. For the continuous wavelet transform 
concrete conditions can be formulated in terms of smoothness, decay and vanishing moments, 
generalized in |29| to wavelets over general dilation groups. In our general setup the algebras 
A mu and BY,m v embody the concept of admissibility and for the (inhomogeneous) wavelet 
transform utilized in Section [4] also concrete conditions can be deduced, see e.g. |50] . 

Concerning the independence of Co (F,Y) on the reservoir (HfY we state [50J Lem. 3.7], 
whose proof carries over directly. 

Lemma 2.28. Assume that the analyzing frame F satisfies F(v,Y ) and let S be a topological 
vector space such that F c S ^-> Hf. In case F is total in S and the reproducing formula 
Vjf = Rx(Vxf) extends to all f £ (the topological anti-dual of S) then 

Co (F,Y) = {feS n : V?feY). 
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We have the following result concerning the coincidence of the two spaces Co(J r , Y) and 
Co (Q,Y), where T and Q are two different continuous frames. 

Lemma 2.29. Assume that the frames Q = {g x }xex and T = {f x }xex satisfy F{y,Y). If the 
Gramian kernels G\F, Q] and G[Q, F] defined in (12.91) are both contained in By mi/ , we have 
Co(J 7 , Y) = Co (G,Y) in the sense of equivalent quasi-norms. 


Proof. This is a consequence of the relations Vj = G\F, G]Vg and Vg = G\Q, F\Vj^. In view 
of Lemma [2.141 and Lemma [2. 32 1 we have Vgf x £ L\(X) for a.e. x £ X. Further, Vgf £ (X) 

for / e (HiY and hence with Lemma [2.171 




<Vgf,Vgf x ) v, 

lj CO 


xL\ 


f <. fi9yX9yJx)dn{y ) = G[F,G]Vgf(x). 

Jx 


This proves Vj = G\F, G]Vg, and by symmetry also Vg = G\Q, FfVjr. I 

It is essential for the theory that the reproducing formula carries over to Co(y), which is 
an immediate consequence of Lemma 12.211 


Lemma 2.30. A function F e Y is of the form V f for some f e Co(T) if and only if F = R(F). 

The reproducing formula is the key to prove the main theorem of this section, which corre¬ 
sponds to |241 Prop. 3.7]. We explicitly state the continuitiy of the embedding Co(T) ('%i) n . 

Theorem 2.31. (i) The space (Co(T), || • |Co(T)|j) is a quasi-Banach space with quasi-norm 

constant Cy, which is continuously embedded into {TCf) 1 . 


(ii) The map V : Co(T) —> Y establishes an isometric isomorphism between Co(y) and the 
closed subspace R(Y) ofY. 


(Hi) The map R:Y —> y is a projection ofY onto R(Y) = P(Co(y)). 

Proof. In general, we refer to the proof of [2T| Prop. 3.7]. However, the continuity of the 
embedding Co(Y) (77^)^ is not proved there. It is a consequence of the following estimate 
for / e Co(T), where Lemma 12.181 is used, 

WfKRiTW = WvfiL^w < |i?|y - L^||||y/|y|| = \\r\y - L^|l|/|c 0 (y)||. 


Further, the proof of [241 Prop. 3.7] implicitly relies on the validity of R o R = R on Y, which 
a-priori is only clear for 7^(77). Therefore, we include a proof of this relation here. Let F eY 
and choose compact subsets (K n ) ne with X = K n and K n cr K m for n ^ m, which is 

possible since X is er-compact. Then we define the sets U n := {x £ K n : \F(x)\ ^ n}, which 
are relatively compact and thus of finite measure. As a consequence, F n := Xu n R e ^(X). 
Moreover, F n e Y since \F n (x)\ |.F(x)| for every x £ X. Since by assumption R : Y —* Y is 

well-defined the assignment y i—> \R(x, y)F(y)\ is integrable for a.e. x £ X. As F n (y) —> F(y) 
pointwise, Lebesgue’s dominated convergence theorem thus yields for these x £ X 

RF n (x) = f R(x,y)F n (y)dn(y)( R(x,y)F(y) dg{y) = RF(x). 

Jx Jx 

Next, observe that the function \R(x,-)\m v (x,-) is integrable for a.e. x £ X since R £ A mv . 
Further, due to R(Y) (A) the following estimate holds true for a.e. x,y £ X 


\R{x,y)RF n (y)\ ^ C\R(x,y)\u(y)\\F n \Y\\ C\R(x,y)\m u (x,y)v(x)\\F\Y 


17 













Another application of Lebesgue’s dominated convergence therefore yields for a.e. x 6 X 

R(RF n )(x) = f R(x,y)RF n (y)dy(y) -> f R(x,y)RF(y) dy{y) = R(RF)(x). 

Jx Jx 

Since F n e L 2 {X ) we have RF n = R{RF n ) for every n e N. Altogether, we obtain 


R(RF)(x) «- R(RF n )(x) = RF n (x ) iLF(x). 


Let us hnally provide some trivial examples, also given in [24j Cor. 3.8]. 

Lemma 2.32. If the analyzing frame T satisfies condition (12.1011 for a weight v ^ 1, it has 
properties F(v,L 2 ), F(y, L^f), F(v,L\), and it holds 

= Co(.F, L 1 ^), U\ = Co(F, L\\ u = Co(J 7 , L 2 ). 

Typically, the theory cannot be applied if the QBF-space Y is not embedded in L 1 1 oc (A), 
since then the kernel conditions concerning operations on Y can usually not be fulfilled. Let 
us close this paragraph with a short discussion of how to proceed in case Y L 1 1 oc (A). 


The case Y yA L ] f c (X) 

The main idea is to replace Y with a suitable subspace Z, which is embedded into L l f c (X) and 
fits into the existing theory. The basic observation behind this is that not all the information of 
Y is used in the definition of the coorbit. In fact, the information about Co(T) is fully contained 
in the subspace R(Y), i.e., we have Co(J r , Y) = Co(J r , R(Y)). Thus, we can painlessly pass 
over to a solid subspace Z of Y and regain the same coorbit if 


R(Y) ► 2" ► y. 

This observation motivates the idea to substitute Y in case Y is not embedded into L l f c (X ) 
itself - by a suitable subspace Z of Y consisting of locally integrable functions, and then to 
consider the coorbit of Z instead. In the classical group setting [48] Wiener amalgams [18[ 
[49] were used as suitable substitutes. Since Wiener amalgams rely on the underlying group 
structure, they cannot be used in our general setup however. Instead, it is possible to resort 
to the closely related decomposition spaces due to Feichtinger and Grobner [20], which can be 
viewed as discrete analoga of Wiener amalgams. This approach has been worked out in [53] , 
where the decomposition space T>(Y,U) with local component and global component Y is 
used. It is defined as follows. 


Definition 2.33 ([53]). The decomposition space V(Y,U) associated to a rich solid QBF-space 
Y on X and an admissible covering U = {Ui}i e j of X is defined by 


V(Y,U) := {f e L'° c (X) : \\f\V(YM) 


Y J \\f\ L M)\\xu i \Y 

iel 


< 00 >. 


Note that the sum Xlis/ \f\L (X> {Ui)Xu i is locally finite and defines pointwise a function on X. 
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The space T>(Y,U) is a subspace of Y. continuously embedded, and a rich solid QBF-space 
with the same quasi-norm constant Cy as Y. Moreover, it is contained in L l ° c (X) even if Y 
itself is not. In fact, we have the embedding T>(Y,U) (X). where oj : X —> (0, oo) 

defined by uj{x) := maxj :3 , s [/.{||y{/. | || —1 } is a locally bounded weight. For a short proof, 
let K c= X be compact and {Ui}i e j the finite subfamily of sets in U intersecting K. Then 
w(x) ^ maxjgjIlIxt/jTlI -1 } for all x e K. 

In the spirit of |48( Def. 4.1], we may therefore pass over to Co(J r , T)(Y,U)), the coorbit of 
V(Y,U). In general, one can only expect Co(X, V(Y,U)) cr {/ e iWf) 1 : Vjf e Y} and not 
equality. In many applications however the equality can be proved by methods not available 
in the abstract setting. Moreover, the choice V(Y,U) is consistent with the theory due to the 
result below, which is analogous to a result obtained for Wiener amalgams |48] Thm. 6.1]. 

Theorem 2.34 ( |53l , Thm. 8.1]). Assume that Y is a rich solid QBF-space and that the ana¬ 
lyzing frame T has property F{y,Y). IflA is an admissible covering of X such that the kernel 
Mfj = K^[iF, F] (defined in (|2.13l) below) operates continuously on Y, then the frame J~ has 
property F(y 1 'D(Y,lA)) and it holds 

Co (X,V(Y,U)) ~ Co {fF,Y) 


in the sense of equivalent quasi-norms. 


Remark 2.35. The condition that the kernel operates continuously on Y is fulfilled for 
instance in the important case when T has property n, Y) (see Definition 2.fS\ below). 


hi |53i Thm. 8.1] this theorem was formulated under the additional assumption that Y is 
continuously embedded into L)° C (X). However, essential for the proof is only that the frame T 
has property F(u,Y), wherefore we chose to omit this assumption here. 


2.5 Discretizations 

A main feature of coorbit space theory is its general abstract discretization machinery. With 
a coorbit characterization of a given function space at hand, the abstract framework (Theo¬ 
rems [T48] and [2750] below) provides atomic decompositions of this space, i.e., a representation 
of functions using “only” a countable number of atoms as building blocks. 

Moreover, the function space can be characterized via an equivalent quasi-norm on an 
associated sequence space. 

The transition to sequence spaces bears many advantages, since those usually have a simpler, 
more accessible structure than the original spaces. For example, the investigation of embedding 
relations becomes much simpler by performing them on the associated sequence spaces. In 
addition, atomic decompositions naturally lend themselves to real world representations of the 
considered functions: By truncation one obtains approximate expansions consisting only of a 
finite number of atoms. 

Our discretization results, Theorem 12.481 and Theorem 12.501 transfer the results from |50] . 
namely Theorem 3.11 and Theorem 3.14, to the general quasi-Banach setting. Applying a 
different strategy for their proofs, however, we are able to strengthen these results significantly 
even in the Banach space setting. 
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Preliminaries 


Let us introduce the kernel functions Ky\Q, F] and Kjj\Q, F], which are related by involution 
and play a prominent role in the discretization theory. For a family Q = {ip x }xeX and an 
admissible covering U = {Ui}i e j they are defined by 


Ku[G,FKx,y) : = sup \(<p x ,i/> z }\ and K^[Q, F\{x, y) := K U [G, F](y, x) (2.13) 

ZEQy 

where x,y e X and Q y := (J Ui for y e X. Their mapping properties are essential for two 

i : yeU l _ 

central results, namely Lemmas 12.361 and 12.401 which together with Lemma 12.471 provide the 
technical foundation for the proofs of Theorem 12.481 and Theorem 12.501 

We will subsequently use the symbol ||| • ||| for the operator quasi-norm || • \Y —> T|| on Y. 

Lemma 2.36. Let Y be a rich solid QBF-space on X and let the analyzing frame F = {<p x }xeX 
possess property F(u,Y). Further, let Q = {if x }xeX c be a family and U = {Ui}i e j an 
admissible covering such that Kjj := K^\Q, J 7 ] defines a bounded operator on Y. Then for 
f e Co (F,Y) the function sup zeU . \ Vgf(z)\xUi belongs to Y with the estimate 


/h sup \Vgf(z)\xUi 


iel 


zeUi 


Y 


< 


a(U) 


Ku 


\\f\Co(T,Y)\\ 


Note that the sum 2 ie / su P z eU \Vgf( z )\XUi is locally hnite and dehned pointwise. 

Proof. Using Vgf = G[Q,F]Vjzf we can estimate for / e Co(J 7 , Y) and all x e X 

sup \Vgf{z)\ = sup | G[Q,F]Vjrf(z)\ ^ sup [ \G[G, F](z, y)\\Vrf(y)\d/a(y) 

ZEQx ZEQx ZEQx j 

< f sup \G[G, T](z,y)\\Vjrf(y)\dp,(y) 

J zeQx 

= J mg,F\(x,y)\Vrf(y)\dn(y) = K^[g,F](\Vjrf\)(x). 

For functions F : X —* C we further have the estimate 

sup |F(z)| ^sup \F(z)\xUi(x) < a(U) sup \F(z)\, (2.14) 

Z(=Qx 26 / ZEQx 

where c(U) is the intersection number of U. Choosing F = Vgf in (12.141) . we can conclude 


E 


sup \Vgf{z)\xUi 


zeUi 


Y 


< <U) III Ku III \\Vxf\Y 


a(U) HI HI \\f\Co(F,Y) 


We can immediately deduce an important result, which corresponds to [50 . Lemma 3.12], 
concerning the sampling of Vgf. 

Corollary 2.37. With the same assumptions as in the previous lemma let {xi}i e j be a family 
of points such that Xi 6 Ui. Then {Vg f (xi)}j G / 6 Y^(U) and it holds 


\\{Vgf{ Xi )} ieI \Y^ 



\Vgf(xi)\xUi 


Y 


^a(U) HI K& HI \\f\Co(F,Y) 
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Let us turn to the synthesis side. Here the following lemma is a key result, which gener¬ 
alizes |24l Lem. 5.10] and whose short direct proof is new and avoids technical difficulties. In 
particular, it does not rely on |24l Lem. 5.4]. 

Lemma 2.38. Let Y be a rich solid QBF-space on X and let the analyzing frame T = {<p x }xeX 
possess property F{y,Y). Further, let Q = {ip x }xeX be a family in FI and U = {Ui}i e j an 
admissible covering such that Ku := Ky\Q,T] defines a bounded operator on Y. Then for 
e Y^(U) and for points Xi e Ui the series Wx'fx,( x ) converges absolutely for a.e. 
x e X defining a function in Y with 


^ \\\k u HI IKAiWl^ 


iel 


If the finite sequences are dense in Y\lA) the series also converges unconditionally in the quasi¬ 
norm ofY. 


Proof. We have for every x e X the estimate 

2|Ai||VHMs)| <2 h(.Ui) 1 |A*| f xUi(y)Ku(x,y)dfj,(y) 
iel iel 

= f y,F(Ui)~ 1 \X i \xu i (y)Ku(x,y) dp(y) = K u [ Y.y(U i y 1 \\ i \xu i ) (®), 

Jx iel Kiel J 

where summation and integration can be interchanged due to monotone convergence. Since 
{A i}iei £ Y^ the sum Yjiel 1 |Aj|xi7 i dehnes pointwise a function in Y. By assumption 

Ku operates continuously on Y and hence also Ky {^ ieI y(Ui)~ 1 \Xi\xili) e Y, which implies 
I Ku (Zi ie /h(C / i) _1 |^i|X!7i) (z)| < 00 for a.e. x e X. It follows that Yuel ( x ) converges 

absolutely at these points. As a consequence of the solidity of Y and the pointwise estimate 


< K u £M(^) _1 |Ai| xu t e Y, 


iel 


iel 


\iel 


the measurable functions 2 je/ YYtK’x,, and ^f ieI A,; 11 Vj r f> Xi belong to Y with 

S^y^y < |£|Ai||v^* 4 |y < \\\K U ill ||{A i }i 6 /|y |, ||. 


iel 


iel 


(2.15) 


(2.16) 


It remains to show that Xiie/ A iVj?ip Xi converges unconditionally in Y to its pointwise limit, if 
the finite sequences are dense in Y\ld). For this we fix an arbitrary bijection a : N —> I and 
obtain as in (12.161) 


£ K{m)V^ Xa{rn) Y < III Ku III || A - K\Y\ 


m=n+1 


(2.17) 


where the sequence JYf is given as in Lemma 12.111 According to this lemma the right-hand side 
of (12.171) tends to zero for n —* oo, which finishes the proof. 

Corollary 2.39. With the assumptions of the previous lemma Q = {ip x }xeX c Co(J 7 , Y). 
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Proof. For every x e X there is an index ig £ I such that x £ t/j 0 . Set x/ 0 := x and choose 
arbitrary points Xi £ U% for i £ I\{io}. Let <5*° denote the sequence, which has entry 1 at 
position *o and is zero elsewhere. Since Y is assumed to be rich S io £ Y^ and by the previous 
lemma Vjrtp x = X/ e / Vj^ip Xi £ Y, whence ifx £ Co(J 7 , Y). ■ 

The correspondence principle allows to cast Lemma 12.381 in a different form, which corre¬ 
sponds to [50j Lem. 3.11]. However, due to the different deduction the technical assumption 
Y* - (L 1 ^ is not required any more. 

Lemma 2.40. With the same assumptions as in Lemma \2.38\ the series XU/ K'f’xi converges 
unconditionally in the weak*-topology of {fH\Y to an element f £ Co(J r , Y) with 

Vrf = v>(X>V^) = ^ KYrK 

iel iel 


and the estimate ||/|Co(J 7 , T)j| = II ^ \if Xi Co(J 7 , Y) ^ \\\K U ||| ||{A/}j S /|y ll ||. 


iel 

Moreover, if the finite sequences are dense in Y^fU) the series also converges unconditionally 
in the quasi-norm of Co (J 7 , Y). 


Proof. If the subset J c / is finite we have V^yYlieJ ( x ) = XisJ for 

all x £ X. Moreover, we have proved in Lemma 12.381 that X/ G / Ajbj-Uxi converges pointwise 
absolutely a.e. to a function in Y. In order to apply the correspondence principle, Corollarv l2.231 
it remains to verify that the sums XUj -U'Uci f° r finite subsets J a I are uniformly bounded in 
(fWfY ■ With the continuous embedding Co(y) {fH^Y from T heorem 12. 31 1 we can conclude 


2 m 


iej 


< 


£a, 

iej 




Xi 


Co (y) = Yi XiV ^ 


iej 


Y 






iel 


Y 


for every finite subset Jcl, where we used that ip Xi £ Co(y) for all iel by Corollary 12.391 
We have shown in the proof of Lemma 12.381 that XU/ is a function in Y. Hence 

the sums are uniformly bounded in (fWfY and Corollary 12.231 implies the unconditional weak*- 
convergence of X/ G / ^iYxi to an element / £ (HYY ■ Moreover, / £ Co(y) because Corollary 12.231 
together with the previous lemma asserts that Vjf = XU/ A,; Vj'fx, e Y. 

It remains to show that X ? ; G / Ayi/Ar,; converges unconditionally in Co(J 7 , Y), if the finite 
sequences are dense in Yf For a subset / c; / let A denote the sequence which coincides 
with A on / and is trivial elsewhere. By solidity A £ Y^ and - applying what we have proved 
so far - the sum X/ G / A/'i/U converges in the weak*-topology to an element of Co(y) and 

^(XU/ = XU/ hVFil) Xi . In view of (12.171) we conclude 


y 1 'U(m)Ur (T ( m ) C°(y) ^ Y —► 0 (n —> 00 ), 


m=n +1 


m=n +1 


for an arbitrary bijection a : N 


I, which finishes the proof. 


Atomic decompositions 

Our first goal is to obtain atomic decompositions of the coorbit Co(y). Since Co(y) is isomet- 
rically isomorphic to the function space R(Y ) we initially focus on this space and recall from 
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Theorem 12.311 that for functions F £ R{Y ) the reproducing formula holds, i.e. 

F = R(F)= f F(y)R(-,y)dM, F e R(Y). 

Jx 

This identity can be interpreted as a “continuous atomic decomposition” of F with atoms R(-,y ) 
indexed by y £ X. The strategy is to discretize the integral, an approach which originates from 
Feichtinger and Grochenig [22] and was also used in subsequent papers e.g. in [24l [50] . To 
this end let IA = {U}i e j be an admissible covering of X and let be a U- PU, i.e. a 

partition of unity subordinate to the covering U consisting of measurable functions <!>* which 
satisfy 

(i) 0 ^ <f>j(a;) ^ 1 for all x £ X and all i e I, 

(ii) supp cz Ui for all i £ I. 

(iii) Yjiei ^i( x ) = 1 for x £ X. 

We note that the construction of such a family <1> with respect to a locally finite covering is 
standard, see e.g. [231 p. 127]. Using the integral operator R can be written in the form 

R(F)(x) f <S> i (y)F(y)R(x,y)dv(y). 

iel 

A formal discretization yields a discrete integral operator [/$, called the discretization operator , 

U$F(x) := ^CiF(xi)R(x,Xi), (2.18) 

iel 

where Cj := >i(y) dp,(y) and the points {xj}j S / are chosen such that Xi £ Ui. Here we 

must give meaning to the point evaluations F(xi) since in general F £ Y only determines 
an equivalence class of functions where point evaluations are not well-defined. However, the 
operator [/$ is only applied to elements F £ R(Y ) and pointwise evaluation can be understood 
in the sense 

F(xi) = (RF)(xi) = f R(xi, y)F(y) dp{y). 

Jx 

Intuitively, U$F approximates R(F) because the discretization resembles a Riemannian 
sum of the integral. Hence we can hope to obtain an atomic decomposition from the relation 

F = R(F) « U<pF = Y i c i F(x i )R(;x i ). 

iel 

So far our considerations were just formal. To make the argument precise we have to impose 
conditions on T so that [/$ is a well-defined operator. It turns out that here mapping prop¬ 
erties of the kernels Mu : = Ku \F, F] and My : = Kjj [F, F] come into play. Recalling the 
definition (12.131) of Ku, Ky we have for x, y £ X 

M u {x,y) = sup \(ip x ,y> z )\ and My(x,y) = M u (y,x) (2.19) 

ZEQy 

with Q y = ]J Ui for the covering U = {Ui}i e j. 

i \ yEUi 

The lemma below provides definition (12.181) with a solid foundation. 
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Lemma 2.41. If Mu and My given in (12.191) are bounded operators on Y the discretization 
operator defined in (12.181) is a well-defined continuous operator U$ : R(Y) —> R(Y) with op¬ 
erator quasi-norm \\U$\R(Y) —> f?(y)j| ^ <7(Z4) ||| Mu ||j |||M^|||. In general, the convergence 
of the sum in (|2. 181) is pointwise absolutely a.e.. If the finite sequences are dense in Y^ the 
convergence is also in the quasi-norm ofY. 

Proof. For F e R(Y) Lemma r2.30l gives an element / e Co(y) such that F(x ) = Vf(x) for 
all x e X. Thus, using Corollary 12.371 with Q = F, we can conclude {F(xi)}i e j e Y b with 
||{F(xi)}is/|^ b || ^ cr(Z^) HI My HI ||F|y||. Since A i •—* p,(Ui)\i is an isometry from Y^ to Y^ 
and since 0 ^ Cj ^ h{Ui) for all i e I it follows {ciF{xi)}i e i e Y^fU) and \\{ciF(xi)}i e i\Y^\\ ^ 
||{l ? (a:j)}j G /|y t '||. Therefore by Lemma 12.401 the sum c iF(xi)ip Xi converges in the weak*- 
topology to an element in Co(T) and U$F = V (Xiier c t F{xi)(p x fi. As a consequence U$F e 
R(Y ) and again with Lemma 12.401 

HU^F\YII = H^c l F(x i )cp Xi \Co(Y)H 
iel 

< III Mu III ||{F(x i )W|T b || < <T(W) III Mu III \\\My ||| ||F|y|(. 


The operator [/$ is self-adjoint in a certain sense. 

Lemma 2.42. Let U = {Ui}i e j be an admissible covering and assume that the associated 
maximal kernels Mu and My of the analyzing frame T belong to A„ lu . Then [/$ is a well- 
defined operator on R(L l Jfi) and R{Lfi) and for every F e R(L^fi) and G 6 R{Lfi) it holds 


<JJ^F,G) y v = (F,Uq,G) i/„ . 

^00 X ^1 ^00 X ^1 


( 2 . 20 ) 


Proof. For F 6 R(L^fi) we have F(x) = (F, R(-,x)) \/ u and - by arguments in the proof 

^00 X ^1 

of Lemma [231] for Y = - {ciF(xi)} ieI e Therefore, (H\F(xi)\\R(-, x*)| e L 

by Lemma 12.381 and (12.151) . Analogous statements hold for G e R{Lfi). We conclude 

(U$F,G) l i,v xL „ = YjCiF{xi){R{-,Xi),G) L i/^ LV = YjCiF^Gixi) 


iel 


iel 


c i,G{x t ) (,F, R(-, xfifijO_/v x ^A, U<$Gy ? 


iel 


where Lebesgue’s dominated convergence theorem was used. 

Our next aim is to find suitable conditions on and U such that the discretization operator 
£/$ is invertible. The possible expansion 

F = UzU^F = Y J Ci(U^ 1 F)(x i )R(;x i ) 

iel 

then yields an atomic decomposition for F e R(Y). Intuitively, for the invertibility of 
the functions F e R(Y ) must be sufficiently “smooth”, so that a discrete sampling is possible 
without loss of information. Since R(Y ) is the isomorphic image of Co(y) under the voice 
transform, we have to ensure that the transforms Vjf of elements / 6 Co(y) are smooth 
enough. An appropriate tool for the control of the smoothness are the oscillation kernels, a 
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concept originally due to Feichtinger and Grochenig. We use the extended definition from [|25] . 
utilizing a phase function T : X x X —> S 1 where S 1 = {z E C : \z\ = 1}, namely 

osc w>r {x,y) := sup \R r (x,y) - F(y, z)Rjr(x, z)\ and osc^ r (x,y) := osc w>r {y,x) 

ZEQy 

with x, y 6 X and Q y as in (12.131) . The choice T = 1 yields the kernels used in |24| l50 j. 

We can now formulate a condition on F which ensures invertibility of [7$, but which is 
weaker than the assumptions made in m [50] since we allow a larger class of coverings and 
weights. 

Definition 2.43. We say a tight continuous frame F = {< p x }xeX c R possesses property 
D{5, v, Y ) for a weight v ^ 1 and some 5 > 0 if it has property F(y, Y ) and if there exists an 
admissible covering U and a phase function T : X x X —> S 1 so that 

(i) |Ajf|, osc Wi r, osc^ r e By. mu ■ 

(ii) ||osc W) r|#y,mJ| < <5 and ||osc^ r |Hy; m J < <5. 

Remark 2.44. A frame F with property D(5,v,Y) for a covering U and a phase function T 
automatically possesses properties D{5, u, L^ u ) and D(5, v, Vf) for the same covering U and the 
same phase function T. 

Proof. Every K e A. niu operates continuously on L ^ and L\ with ||A'|L^ V —> L^|| ^ 
\\K\A m J and ||AT|L^ —> L \|| ^ ||if|.4 mi/ ||. Moreover, for Y = or Y = L\ it holds R(Y) 

Ly and the algebras By )mv and Am v coincide with equal norms. I 

Note that for a measurable kernel function K : X x X —* C the equality |||A||| = ||| \K\ \ 
does not hold in general. However, we have the following result. 

Lemma 2.45. Let K, L : X x X —> C be two measurable kernels and assume that \K\ acts 
continuously on Y. Then, if \L(x,y)\ ^ \K(x,y)\ for almost all x,y e X, also L acts contin¬ 
uously on Y with the estimate ||L||| ^ ||| |AT| |||. In particular, K acts continuously on Y with 

Ill-Kill < III \ K \ III- 

Let us record an important consequence of the previous lemma. 

Corollary 2.46. If the frame F has property D(5,v,Y) the kernels Rj-, \Rjr |, osc^r, osc^ r , 
My, and My are continuous operators on Y. 

Proof. For all x,y £ X we have \Rjr[x,y)\ ^ Mu{x,y) as well as the estimates 

M u (x,y) sS osc u ,r(x,y) + \Rjr(x,y)\ and osc w , r {x,y) ^ M u (x,y) + \Rj^(x,y)\. 

The corresponding estimates for the involuted kernels also hold true. Hence Lemma [2.451 yields 
the result. I 

The following lemma shows that U$F approximates F e R(Y) if the analyzing frame 
possesses property D(5,u,Y) for a suitably small 5 > 0. It corresponds to [241 Thm. 5.13] and 
the proof is still valid in our setting - with the triangle inequality replaced by the corresponding 
quasi-triangle inequality. 
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Lemma 2.47. Suppose that the analyzing frame F possesses property D(5, n, Y ) for some 5 > 0 
with associated covering U = {Ui}i e j and phase function F. Then the discretization operator 
U$ for some U-PU <f> is a well-defined bounded operator U§ : R(Y ) —> R(Y ) and it holds 

II Id - U* I R(Y) - F(y)|| S(\\\R III + III MZ\\\)C y . (2.21) 

Proof. For F e R(Y) there is / e Co(Y") with F = V f. By adapting the proof of Lemma 12.361 
it can be shown that H := sup^jy. \Vf(z)\$i e Y with |jfF|y|| ^ ||||j| ||/|Co(J 7 , P)||. 
The intersection number cr(U) does not come into play here, since the inequality (12.1411 can be 
improved when using instead of xUi- A solidity argument yields H := V- g j \F(xi)\$i e Y 
and also Jb g y F(xj)r(-, Xj)<Fj e Y with respective quasi-norms dominated by ||iF|y||. 

Let us introduce the auxiliary operator S$ : R(Y) —> R(Y), given pointwise for x e X by 

S*F(x) := R ( F(s i )f(^)$ i > ) (x). 

' iel ' 


Y 


< III R 




iel 


Since F = R(F) we can estimate 

||F - S*F|y II = ||f(f - 2 F{xi)T{~Xi)^i 

iel 

We further obtain for every x £ X, because F(x) = R(F)(x) even pointwise, 

F(x) - 2 F(x i )r(x,x i )$ i (s)| = | ^ (F(F)(x) - r(x,Xi)R(F)(xi))$i(x) 

iel iel 

f \ R {vi x ) - T ( x i x i) R (yi x i)\\ F (y)\ d p{y) < osc^ >r (|F|)(x). 
iel x 


Y 


We arrive at ||F - S^F\Y\\ < |||i? ||| ||osc£ r (|F|)|y|| < |||F ||| |||osc£ r ||| ||F|y|| < 5 ||| R ||| ||F|y||. 
Let us now estimate the difference of £/$ and S$. First we see that for x e X 

S$F(x) = f R{x,y)Y J F(xi)T(y 1 x i )§i(y)dp,{y) = V [ R{x,y)F{x i )T(y 1 x i )^i{y)dp,{y). 

J x iel 




Here we used Lebesgue’s dominated convergence theorem, which we use again to obtain 


V f 




Ej, 

iel JX 


|L/$F(x) — S$F(x)\ = 2 j ^i{y)F(xi)(R(x,Xi) ~T(y,Xi)R(x,y))dy(y) 

iel Jx 

\F{xi)\$i(y)oscu,r(x,y) dy(y) = V |F(xi)|$i(y)osc W) r(x, y) dy(y) = oscu,r(H)(x), 

Jxfr, 


where FI = ^ ieI |F(xj)|$i as above. We conclude 

II U*F - S*F\Y\\ ^ ||osc M) r(ff)|y|| < |||osc w ,r ||| \\H\Y\\ ^ 6 ||| ||| ||F|y||. 

Hence, altogether we have proved 

||F - U^F\Y\\ ^ Cy(\\F - 5 $F|y|| + \\S*F - C^F|y||) ^ 5Cy\\F\Y\\(\\\M£ III + III Fill). 
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If the righthand side of (12.211) is less than one, U$ : R(Y ) —> R(Y) is boundedly invertible 
with the Neumann expansion Ilf ) 1 = X!«=o — T$) n , which is still valid in the quasi-Banach 
setting. 

Finally, we are able to prove a cornerstone of the discretization theory, which generalizes 
[2T, Thru. 5.7] and |5L)1 Thm. 3.11]. Note that the characterization via the sequence spaces is 
a new result even in the Banach case and that we can drop many technical restrictions. 

Theorem 2.48. Let Y be a rich solid QBF-space with quasi-norm constant Cy and suppose that 
the analyzing frame IF = {(p x } xe x possesses property D(5,is,Y) for the covering li = {Ui}isi 
and a small enough S > 0 such that 

< 5((1 + + 5Cy)Cy ^ 1 . ( 2 . 22 ) 

Choosing arbitrary points Xi e Ui, the sampled frame IF,i := {<Pi}iei '■= {FxY\iel then possesses 

a “dual family” = {i(i}i e i c: ’H( n Co(Y) such that the following holds true: 

(i) (Analysis) An element f e (R-iY belongs to Co(Y) if and only if {(f, <Pi)}iel e Y^ifA) (or 

{(f,i(i)}iel e Y\U)) and we have the quasi-norm equivalences 

f Co(Y)l - \\{(f,<Pi)}iel\Y\U)\\ and ||/|Co(Y)|| = \\{(f^f)} ieI \Y\U)\\. 


(ii) (Synthesis) For every sequence {Aj}j e / e Y\lL) it holds f = e Co(Y) with 

||/|Co(Y)|| < ||{Aj}j S / |Y^(W)||. In general, the convergence of the sum is in the weak*- 
topology induced by {FLyY■ It is unconditional in the quasi-norm of Co(Y), if the fi¬ 
nite sequences are dense in Yf Similarly, f = e Co(Y) with ||/|Co(Y)|j < 

||{Aj}iE/|Y t ’(W)|| in case {A*}*=/ e Y\U). 


(Hi) (Reconstruction) For all f e Co (Y) we have f = SieX/j an d f = Fi )Vy 


Proof. According to Remark l2.44l the frame IF has properties D{5 , is, L() and D{5, is, iYy ) with 
respect to the covering U, and by Lemma [2.321 it holds (H(Y — Co {lYY) and FL\ = Co(L()- In 
view of Theorem 12.311 the voice transform V : (FLyY — * R(lYY) is thus a boundedly invertible 
operator with isometric restrictions V : Co(Y) —* R(Y) and V : FL\ —* R{Lf). 

Let us hx a U- PU 4* = {4>j}j e / and put c* := dp(y). According to Lemma 12.421 

the corresponding discretization operator U§ is well-defined and bounded on R(lYY)- Con¬ 


dition (12.221) on 5 further implies that U$ : R(Ll/) ') - r(lU v ) is boundedly invertible as a 
consequence of Lemma 12.471 Indeed, using the estimates |||M^||| ^ Cy(||||f?jr| ||| + ]|| osc^ r |||) 
and |||i?jr||| ^ || | Rjr 11| together with the assumption |||osc^ r ||| <5 we can deduce 


5(\\\R T III + III M0\\\)Cy h((l + Cy) III I Rjr\ III +Cy ||| OSC^ r |||)Cy 

< 6((1 + Cy)\\\Rj:\\B Y , mu \\ + Cy6)Cy ^ 1. 


Analogously, it follows that U$ : R(L() —> R(LY) and U§ : R(Y) —* R(Y) are boundedly 
invertible. 

For the proof it is useful to note that the operator T := V^U^V : (FLyY —> (R-iY i s a 
boundedly invertible isomorphism, whose restrictions T : FL\ — * FL\ and T : Co(Y) —► Co(Y) 
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are also boundedly invertible. Moreover, T is “self-adjoint”. For this observe that relation (12.201) 
also holds for the inverse U^ 1 = ^^ =0 (Id — U$) n . Consequently, for / 6 and ( £ 


= (LV-'u^vo = (Vf,u^vOr^ xT , = (u^vf,vo i,u TV = <r/,c>. 


T~ 1 


-li 


It follows further that T is sequentially continuous with respect to the weak*-topology of (%i) n . 
To see this let /„->•/ in the weak*-topology. Then (Tf n , () = (, f n ,T( > -> </, T() = <: Tf , C) for 
every £ e 'Hj'. By Lemma 12.391 Corollary 12. 46l and Lemma 12. 32l the atoms lie in nCo(Y"). 
Since T respects these subspaces we can define 


ipi ■= CiTifi £ Hi n Co(y) 

and claim that is the desired “dual” of J-& = {(pi}iei- 

After these preliminary considerations we now turn to the proof of the assertions. 

Step 1. If / e Co(y) then {</, <Pi)}iei = {Vf(xi)} ieI e Y b and \\{(f,ipi)}iei\Y' !, \\ ^ ||/|Co(F)|| 
by Corollary 12.371 Furthermore, it holds Tf £ Co (Y) and Corollary 12.371 yields {(/, ipi)}iel = 
{ci(Tf,<pi)} ieI e Y b with the estimate \\{(f,ifi)}iei\Y^\\ sS ||{<T/, <^>}; e /|y b || < ||T/|Co(F)|| < 
ll/|Co(y)||. 

Step 2. If {Aj}j e / £ Yb then by Lemma [2. 40 1 the sum A npi converges in the weak*-topology 
to an element in Co (Y) with estimate || Xi,;e/ |C°(y)|| < ||{Aj}j S /|y b |j. If the finite sequences 
are dense in Y b (or equivalently Y^) the convergence is even in the quasi-norm of Co (Y). 

A similar statement holds for the dual family {ipi}iei. Indeed, for {A i)isi £ Y b we have 
{ci\}iel e and hence c i^i^Pi converges in the weak*-topology to an element in Co(y). 
Since T is sequentially continuous it follows that 

X = X c ^ Ti Pi = T ( X J e Co(y) 

iel iel \iel J 

with weak*-convergence in the sums. The operator T is also continuous on Co(y), proving the 
quasi-norm convergence if the finite sequences are dense. Moreover, we have the estimate 


XAi^ Co(y) < IX^A^ Co(y) < iKciAijfe/iyUl < IKAO 


iel 


iel 


(iel 


Y b 


Step 3. In this step we prove the expansions in (iii). For / £ ('Wf)' we have the identity 
Vf = U* (U^Vf) = Xq (U^Vf) (xi)R(-, xi) = X</,^>^i 

iel iel 

with pointwise absolute convergence a.e. in the sums. Since ~ Cothe coefficients 

{(/,belong to ( L ® according to Step 1. Hence, by Lemma 12.401 it holds Vf = 
V (hiel(f, ^i)Vi) with weak*-convergence of the sum. The injectivity of V finally yields 

/ = X</,^M- (2-23) 

iel 


Using the sequential continuity of T with respect to the weak*-topology we can further deduce 
/ = TT- 1 / = X^" 1 /, &>7Vi = X< T_1 /, CiTvdTpi = X</> (2-24) 

iel iel iel 
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In particular, these expansions are valid for / 6 Co(Y) with coefficients {(/, il ) i)}iel e V and 
{</, <Pi)}iei e y b by Step 1. 

Step If / 6 [Ti-iY and either {</, £ V or {(/, e V we can conclude from the 

expansions (12.2311 and (12.2411 together with Step 2 that / e Co(Y). Moreover, ||{(/, VObe/ 
and ||{(/, 92 j)}j e /|y^|| are equivalent quasi-norms on Co(Y) because using Steps 1 and 2 


and 


||/|Co(Y)|| = ||2 </,^M|Co(Y)|| < |({</,^>WI^|| < ||/|Co(Y)|| 

iel 

||/|Co(Y)|| = ||2a^ Co(Y) < \\{(f,Ti)}iei\Y h \\ < ||/|Co(Y)||. 


iel 


Remark 2.49. Properties (i)-(iii) in particular show that the discrete families LFd and Td 
both constitute atomic decompositions for Co(Y), as well as quasi-Banach frames, compare e.g. 

mm- 


Frame expansion 


Now we come to another main discretization result, which allows to discretize the coorbit space 
Co(Y) = Co(J 7 , Y) by samples of a frame Q = {if x }xeX different from the analyzing frame IF. 
It is a generalization of |50l Thru. 3.14], whose original proof carries over to the quasi-Banach 
setting based on Corollary 12.371 and Lemma [2.401 In contrast to Theorem 12.481 here we require 
the additional property of the covering IA = {Ui}i e j that for some constant D > 0 

h{Ui) ^ D for all i e I. (2.25) 


Theorem 2.50. Let Y be a rich solid QBF-space on X and assume that the analyzing frame 
y = {<Px}xeX has property F{v,Y). For r e {1,... ,n} let Q r = {V x )xeX and Q r = {fy} xeX be 
families in PL, and suppose that for some admissible covering U = {Ui}i e j with the additional 
property (|2.251) the kernels K r : = Ku [Q r , 1-\ and Kf : = Kjj[Q r ,} : ] belong to By,-mu. Then, if 
every f £ PL has an expansion 

n 

/“LXXWC ( 2 . 26 ) 

r=l iel 


with fixed points Xi £ Ui, this expansion extends to all f £ Co (Y) = Co(F, Y). Furthermore, 
f £ {H^Y belongs to Co(Y) if and only if {(f, YxYliel e Y\LA) for each r £ {1,..., n), and 

in this case we have ||/|Co(Y)|| ~ 2r=i K/> • The convergence in ()2.261) is 

in the quasi-norm of Co(Y) if the finite sequences are dense in Y\LL). In general, we have 
weak*-convergence induced by (PL^y . 

Observe that the technical assumption Y^ (L^)^ made in j5~01 Thm. 3.14] is not nec¬ 

essary. In view of Lemma 12.131 it is further not necessary to require Q r ,Q r cz PL\. In fact, 
K r ,Kf £ A mv is a stronger condition than G[Q r , J 7 ], G* \Q r , F] £ A m „ and implies Q r , Q r cz PL\. 


3 Variable exponent spaces 

In the remainder we give a demonstration of the theory. As an example we will show that 
variable exponent spaces, which have caught some attention recently, fall into the framework 
of coorbit theory and can be handled conveniently within the theory. 
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3.1 Spaces of variable integrability 

The spaces of variable integrability L p (.)(R d ) were first introduced by Orlicz [46] in 1931 as 
a generalization of the Lebesgue spaces L p (R d ). Before defining them let us introduce some 
standard notation from m- For a measurable function p : R d — » (0, oo] and a set 17 c: M. d 
we define the quantities p ^ = essinfp(x) and p ^ = ess sup p(x). Furthermore, we abbreviate 

p~ = p~ d and p + = and say that p(-) belongs to the class of admissible exponents V(M. d ) if 

p~ > 0. Having an admissible exponent p e V(M. d ) we define the set R® = {x £ M. d : p(x) = oo} 
and for every measurable function / : R d —> C the modular 

Q P (-)(f) = f , . \f(x)\ p( - x) dx + esssup|/(x)| . 


Definition 3.1. The space L p ^.^(R d ) is the collection of all functions f such that there exists a 
A > 0 with l?p( )(A/) < oo. It is equipped with the Luxemburg quasi-norm 


f\L p{ .)(M. d ) 


inf | A > 0 


Qp{-) 




The spaces L p ^(R d ) share many properties with the constant exponent spaces L p (R d ). Let 
us mention a few; the proofs can be found in m and in [ 16] : 

• If p(x) = p then L p (.' ) (R d ) = L p (R d ), 

• ^ \f( x )\ > \9{x)\ for a.e. x £ R d then e P (-)(f) > 0 P (.)(s) and ||/| L p( .)(R d )| ^ || g\ T p( . ) (R d )|, 

• Qp(-)(f) = 0 if and only if / = 0, 

• for p(-) ^ 1 Holder’s inequality holds [41] Theorem 2.1] 


f d \f(x)g(x)\dx <4/| L p( .)(R d ) g\ L p ,^( R' 
JR. 


where l/p(-) + 1 /p'(-) = 1 pointwise. 

There are also some properties of the usual constant exponent spaces which the L p ^(R d ) 
spaces do not share. For example in general the L p ^(R d ) spaces are not translation invariant, 
i.e. / e L p (\)(R rf ) does not automatically imply that /(• + h) belongs to L p (.)(R rf ) for h £ R rf . As 
a consequence also Young’s convolution inequality is not valid (see again m for details). 

The breakthrough for L p ^( R rf ) spaces was made by Diening in [14] when he showed that 
the Hardy-Littlewood maximal operator A4 is bounded on L p ^(M. d ) under certain regularity 
conditions on p(-). His result has been generalized in many cases (see [15],[45] and [7]) and it 
turned out that logarithmic Holder continuity classes are well adapted to the boundedness of 
the maximal operator. 

Definition 3.2. Let g £ C(R d ). We say that g is locally log-Holder continuous, abbreviated 
g £ C'w (R rf ), if there exists ci og > 0 such that 


I g(x) -g(y) | < 


_ C log 

log(e + l/\x 


V I) 


for all x, y £ R d . 
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We say that g is globally log-Holder continuous, abbreviated g 6 C' log (R d ), if g is locally log- 
Holder continuous and there exists g^ £ R such that 

\g{x) ~ ffool < t— , C l °, g | ,x forallxeR d . 
log(e + |x|) 

With the help of the above logarithmic Holder continuity the following result holds. 

Lemma 3.3 ( pT5J Thm. 3.6]). Let p e V(M. d ) with 1 < p~ < p + < oo. If I e C log (M d ) ; then M 
is bounded on L p ( \(R d ) i.e., there exists c > 0 such that for all f e L p (.)(R rf ) 


A4/|L p( .)(R d ) 


< c 




Since logarithmic Holder continuous exponents play an essential role we introduce the class 
"P log (R d ) of admissible exponents p(-) with 1/p e C' log (R d ) and 0 < p~ < p + < oo. As a 
consequence of Lemma [3.31 for exponents p e P log (R d ) the maximal operator A4 is bounded on 
Lp( 1 )(R d ) for every 0 < t < p~. 

t 


3.2 2-microlocal function spaces with variable integrability 


We proceed with spaces of Besov-Triebel-Lizorkin type featuring variable integrability and 
smoothness. Spaces of the form ^ ) (R rf ) and -(R d ) have been studied in |lT[ 12]. where 

s : R rf —* R with s e L cc {R d ) n Cj°^ (R d ). A further generalization was pursued in (Ml EZ] 
replacing the smoothness parameter s(-) by a more general weight function w. We make some 
reasonable restrictions on w and use the class a2 of admissible weights introduced in |M| ■ 

Definition 3.4. For real numbers a 3^0 and ot\ ^ «2 a weight function w : X —* (0, oo) on the 
index set X = R d x [(0,1) u {oo}] belongs to the class if and only if for x = (x,t) e X, 

(f) w(x,s) ^ w(x,t) ^ (f) w(x,s) 

(Wl) l w w 

[ t~ ai w(x, 00 ) ^ w(x,t ) ^ t~ a2 w(x, 00 ) 

(W2) w{x,t) ^w(y,t) | t = for all ye R d . 

Example 3.5. The main examples are weights of the form 


s ^ t 
s = oo, 


w s ,s'(x,t) 


+ J®_*oiy , t e (0,1) 
(1 + \x — iCo|) S/ ) t = oo 


where s, s' e R. These weights are continuous versions of 2-microlocal weights, used to define 
2-microlocal function spaces of Besov-Lizorkin-Triebel type, see 

By choosing s' = D we get back to usual Besov-Lizorkin-Triebel spaces with smoothness s e R. 

The special weights from this example are usually called 2-microlocal weights. Furthermore, 
function spaces which are defined with admissible weights w 6 a2 are usually called 2- 
microlocal spaces. This term was coined by Bony [4] and Jaffard [35]. who also introduced the 
concept of 2-microlocal analysis to study local regularity of functions. 
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Remark 3.6. By the conditions on admissible weights w e W “ 3 Q2 we obtain the following 
estimates which will be useful later on: 

1. For s t we get from (W1) 

/s\ a 2 /S\«l 

(j) w(x,s) ^ w(x,t) ^ (jJ w(x,s). (3.1) 


2. For 0 < c < s/t we have from (W1) and (13.111 


w(x, t) 
w(x, s) 


^ max{l,c ai " Q2 } 


S\ “2 


(3.2) 


3. For 0 < c < t/s we obtain similarly from (Wl) and (13.11) 


w(x, t) 
w(x, s ) 


^ nmx{l ,c ai ~ a2 j 


s\ a 1 


(3.3) 


f. Consequently, we have for 0 < c\ < s/t < c 2 from (13.21) and (13.31) 

w(x, t ) ~ w(x, s) for all x e R d . 


5. Using (W2) and the inequalities (13.21) and (13.31) we can relate w(x,t ) to u;(0,1/2) by 
u>(0, l/2)t~ ai (1 + |x|)"“ 3 < w(x,t) < w(0, l/2)i - " 2 (1 + |x|)" 3 . 


A weight w e W ^ 3 !Q , 2 gives rise to a semi-discrete counterpart corresponding to 

an admissible weight sequence in the sense of (mumjezi, given by 


Wj(x ) 


w{x, 2~i) , je N, 
w(x, 00 ) , .7 = 0 . 


(3.4) 


In [37 [ Lemma 2.6] it was shown that it is equivalent to consider a smoothness function 
s e L 00 {R d ) n C']”®(M d ) or an admissible weight sequence stemming from w e W " 3 Q2 if they are 
connected by Wj(x ) = 2^ s ^ x \ see ( 13 . 41 ) . But there exist weight sequences (Example 13.51 with 
s' / 0) where it is not possible to find a smoothness function s : M. d —> R such that the above 
relation holds. 

Recently in [58] the concept of admissible weight sequences was extended to include more gen¬ 
eral weights. We will not follow this generalization of admissible weights, but we remark that 
by this definition we can have local Muckenhoupt weights as components in the sequence. 

The spaces ~(R d ) and F ^ ^(M. d ) are defined Fourier analytical as subspaces of the tem¬ 
pered distributions iS^R^). As usual the Schwartz space <S(R rf ) denotes the locally convex space 
of rapidly decreasing infinitely differentiable functions on R rf . Its topology is generated by the 
seminorms 


Ml k,l= sup(l + |x|) fc Yj \ D ^f{x)\ 

zeR d \0\^i 

for every k,l e No- Its topological dual, the space of tempered distributions on R d , is denoted 
by S'(M. d ). The Fourier transform and its inverse are defined on both S(M . d ) and S'(M. d ) (see 
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Appendix A.l) and we denote them by f and / v . Finally, we introduce the subspace <So(® rf ) 
of 5(R d ) by 

<S 0 (R d ) := {/ e S{R d ) : D*f( 0) = 0 for every multi-index a e . 

The definition of B))^ ~(R d ) and F(f^ ^^(R 6 *) relies on a dyadic decomposition of unity, see also 
[551 2.3.1], 

Definition 3.7. Let II(R rf ) be the collection of all systems {vb'IjsNo *— <5(R rf ) such that 

(i) there is a function ip e S(R d ) with = <p(2 _J ^) , j e N, 

(ii) supp^o c; {£ e R d : |£| < 2}, supple {£ e R d : 1/2 ^ |£| ^ 2} , 

00 

(Hi) = 1 for every £ eR d . 

1=0 


Definition 3.8. Let {ipj}JL 0 e II(R rf ) and put <hj = tpj for j e No- Let further w e W “® )Q , 2 with 
associated weight sequence {wj } J 6 p [ 0 defined as in (13.41) . 

(i) For p e V(R d ), q e (0, oo], we define B™^ -(R d ) = 1/ e <S'(R rf ) : \\f\B™^ -(M rf ) || < coj with 

00 . j~ 

l/|B; ( .), i (R' i )ll = (£ l”i(-)(®j * /)(0|r P( .)(R' < )ll i ) ■ 

1=0 


(ii) For p,q e V(R d ) we define F™^ 


i ) = {/e5'(R rf ):[|/|F- )i 9 ( . ) (R rf )||<a)} 


with 


l!/l%. ? (.)(K d )ll 


00 -i j / \ 

(£ M-)(®W)(0I ,H ) |r P (-)(«' i ) 

1=0 


Remark 3.9. It is also possible to consider Besov spaces B™^ ^ (R d ) with variable index 
q(-), which were introduced and studied in The definition of these spaces is very technical 
since they require a new modular. Surprisingly it is much harder to work with Besov spaces 
with variable indices p(-) and q(-) than to work with variable Triebel-Lizorkin spaces, in sharp 
contrast to the constant exponent case. For example, Besov spaces with variable q(-) are not 
always normed spaces for min{p(-), </(■)} ^ l, even if p(-) is a constant (see m for details). 
So we restrict our studies on Besov spaces to the case were the index q(-) remains a constant q 
and we leave the fully variable case for further research. 

Formally, the definition of F(f^ ^^(R^) and _£>//, ~(R d ) depends on the chosen decomposition 
of unity {tpjjJL 0 6 II(R rf ). The following characterization by local means shows that under 
certain regularity conditions on the indices p(-),q(-) it is in fact independent, in the sense of 
equivalent quasi-norms. 

To get useful further characterizations of the spaces defined above we need a replacement 
for the classical Fefferman-Stein maximal inequality since it does not hold in our case if q(-) is 
non-constant. We will use the following convolution inequality. 
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Lemma 3.10 (Theorem 3.2 in |T7]). Let p,q e V log (M. d ) with 1 < p ^ p + < oo and 1 < q ^ 
g + < oo, f/ien for m > d there exists a constant c > 0 such that 


* fv)vef$ 0 (•) ) 


^ C 


(/^) I /eNol^(-)lll L P(')( Rd ) > 


where rj u ,m(x) = 2 ud (l + 2 u \x\) m . 


3.3 Continuous local means characterization 

For our purpose, it is more convenient to reformulate Definition 13.81 in terms of a continuous 
characterization, where the discrete dilation parameter j e No is replaced by t > 0 and the 
sums become integrals over t. Characterizations of this type have some history and are usually 
referred to as characterizations via (continuous) local means. For further references and some 
historical facts we mainly refer to 153 @[52] and in particular to the recent contribution [59] . 
which provides a complete and self-contained reference. 

The system {^{jeNo £ II(R d ) may be replaced by a more general one. Essential are func¬ 
tions <ho, < h e <S(R rf ) satisfying the so-called Tauberian conditions 

l$o(£)l >0 on {|£| < 2 e}, 
l$(£)| >0 on {e /2 < |£| < 2e} , 

for some e > 0, and - for some R + 1 e No - the moment conditions 

D / 3 $(0) = 0 for all \p\i^R. (3.6) 


If R + 1 = 0 the condition (13.611 is void. We will call the functions and kernels for local 
means and use the notations <!>£, = 2 kd &(2 k -), k e N, as well as <f> t = = t~ d Q(-/t) for t > 0. 

The associated Peetre maximal function 


(^tf)a(x) = SUp 
j/eR d 


I (gt * f)(x + y) | 

(1 + \y\/t) a 


x e R d , t > 0 , 


(3.7) 


was introduced in m for / e iS'(R d ) and a > 0. We also need the stronger version 

(<h//) a (x) = sup (<F//) a (x) , xeR d ,t>0 1 (Convention: sup0 = 0) 

§<^2t 

T< 1 


which we will refer to as Peetre- Wiener maximal function and which was utilized for the coorbit 
characterization of the classical Besov-Lizorkin-Triebel-spaces in [53]. To adapt to the inhomo¬ 
geneous setting we further put <<f>o f) a = ($o/)a = (($o )*f)a- 

Using these maximal functions we now state several different characterizations. 

Theorem 3.11. Let w e W"/ Q2 and choose functions < f>o, < b e S(R d ) satisfying (13.51) and (13.61) 
with R + 1 > « 2 - For x e R d and t e (0,1) define A\f{x,t) := (<&£ * f)( x )> A 2 f(x,t) : = 
(^ff) a (x), and A 3 f(x,t ) := (®*f)a( x ), a > 0. Further, put Aif(x,cc) : = (<h 0 * f)( x )i 
A 2 f (x,co) := ($0 f)a(x), and A 3 f(x, oo) := <$o/> a (x). 
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(i) If p e (P log (R d ), 0 < q ^ oo, and a > jF + a 3 then 

B; { . ) ^R d ) = {feS'(R d ) : ||/|5“ ( . )i9 -(R d )|| i < 00 } , * = 1,2,3,4, 

where for i = 1, 2, 3 

||/|^ ( . )) -(M rf )|| i = !!«;(•, ®)A i /(-,®)|L p( . ) (R rf )|| 

J o (■> t)\L p (.) (R d )|| ? 


eft \ Viz 


t 


and 


\f\ B pI),g( R )U = \H-^)(nf)a(-)\L p (.m d )\\ 

00 

+ (2|^(-)(^2%/)a(-)l^(.)(® d 


<z\ 1/9 


1=1 


Moreover, || ■ \B™, _) -(M d )||j, z = 1,2, 3,4, are equivalent quasi-norms in R d ) . 

(ii) If p, q e 'P log (R d ) with 0 < q~ ^ q + < cc, 0 < p~ ^ p + < cc, and a > maxf^r, ^-} + 013 
then 

F^. u ^ d ) = {f e S\R d ) : l!/l%, ( . ) (K d )lk<oo} , * = 1,2,3,4, 

where for i = 1,2,3 


and 


WflF^.^h = ||«;(-,c»)A J /(.,(X))|L p( . ) (R d )|| 

(-.I eft\ V^O), 


+ 


(|‘K-, <)A/(-, i)l s() f) 1/ "‘Vrt.)^) 


1/1%,,(■)(*' )l*" IM', c °)(®o/)«(')l i p( ) ( R )l 

00 

+ ||( 2 k j (.)($;. j /) 0 (.)l»H 
1=1 


1/9(0 


|L p( .)(M d 


Moreover, || • \F™^ ^^(R d )||j, i = 1,2,3, 4, are equivalent quasi-norms in q ^(R d ) . 


Before we present a sketch of the proof recall an important convolution inequality from [[36] . 

Lemma 3.12. Let 0 < q ^ co, 5 > 0 and p,q s V(R d ). Let (gk)keN 0 ^ e a sequence °f non¬ 
negative measurable functions on R rf and denote Gi = y]fcLo 2~^~ k \ s gk for £ e No- Then there 
exist constants C \, C 2 ^ 0 such that 


I {Gt}l\ 2q(Lp(.))\\ ^ Ci I {gk}k\tq{Lp(.))\\ and \{G(]e\L p ^{£ q ^)\ < C 2 || {gk}k\ L pf)(,^q(-))\\ • 

Proof of Theorem 13.111 We only prove (ii) and comment afterwards briefly on the necessary 
modifications for (i). The arguments are more or less the same as in the proofs of [59 s Thm. 
2.6] and [53] Thm. 9.6]. We remark that the equivalences || • |^^(R rf )|| — || • | F™,^ 9 (.)(R d )|4 

and || • \B'p^ -(M rf )|| “ || • | B™,^ -(M rf )H 4 are already known, see [36] , 

Step 1. First, we prove a central estimate (13.91) between different start functions <h and 'P 
incorporating the different types of Peetre maximal operators. The needed norm inequalities 
in the theorem are consequences of this central estimate (13.91) . and are subsequently deduced 
in the following steps. 
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Let us put <pq := <Lq and ip k := <!>£, for k E N. We can find a pair of functions Ao, A e S(R d ) 
with suppAo c: {( e R d : |£| 2e} and suppA c: {£ e R d : e/2 ^ |£| ^ 2e} such that 

2/cgN ^kPk — 1; where \ k = \(2~ k -) for k e N. Let us shortly demonstrate how to do that. 
We use the special dyadic decomposition of unity given by r/o(t) = 1 if \t\ ^ 4/3 and r/o(t) = 0 
if |t| > 3/2. We put r] k : = g o('/2 fc ) — ryo(-/2 fc_1 ) for k e N. Then clearly ?yo + XifcLi r lk = 1 and 
we obtain XlteTfo Afc^fc - 1 defining \ k := g k (-/e)/ip k for k e N 0 and A := Ai(2-). 

The support of the function 6 := 1 ^XifceN Afc^fc e Co°(R d ) is fully contained in M : = {|x| 
3e/2}. Due to the Tauberian conditions, y?o is positive on M. Inverting ipo on M and extending 
appropriately outside, we can construct a function 7 e C*(R d ), which coincides with 1 /<£>o 011 
M. Since Ao^o = 8 we thus have the factorization Ao = 7 8 . 

We now put Ao, u ( - ) := 7(-)$(' u 0 f° r u e [1,2], which gives 


Ao/u^o + 2 A k(u-)<Pk(u-) = 1- 
fceN 

We then define H, 0, A, Ao >u , and A k for k E No, all elements of S(R d ), via inverse Fourier 
transform of the functions 7 , 8 , A, Ao,«, and X k , respectively. We get Ao jU = S * 0 U and it holds 
g = A 0yU * 4*0 *g + A 2 - k u * $2 ~ k u * 9 for every g e S'(R d ). 

Let 'Lo, x I' £ <S(R rf ) be another system which satisfies the Tauberian conditions (13.51) and 
()3.6I) . Choosing g = 2 -t v * w l iere / e ^(R^), leN, and v E [1/2,4], we get 

^2-lv * / = Yj ^2-^ * A -2 -k u * ( f > 2 ~ k u * f + ^2~ e v * -A-OjU * $0 * /• (3.8) 

fceN 

Defining Jp k = |’F 2 -<7 * ^- 2 ~ k u{ z )\{^ + 2 k \z\/ u ) a dz for k E N we have for y ER d 

1 (^ 2 -^ * A 2 -k u * $2 ~ k u * f)(y) I < , 1 ^ 2 -^ * ^ 2 - k u(z)\\® 2 ~ k u * f (V ~ 7>| dz 

m d 

< @UJUy)Ji,k, 

For fc = 0we get with Jp 0 = \^ 2 ~ e v * 7 Ao,m(~)|(1 + M)“ dz 

1(^2-^ * A-o,,x * $0 * f){y) | < , |^ 2 -^ * A-o,«(z)||<I>o * f(y - z) | dz (®of) a (y)Je,o- 

JR d 

To estimate Jp tk the following identity for functions y, v E S(R d ) is used, 

(y u * v v ){x) = -g\ji * u v/u ](x/u) = —r[y u/v * v]{x/v), 
u a ' v° ' 

valid for u, v > 0 and x E R d . In case l ^ k > 0 we obtain 

J ek = f *A)(*)|(1 + \z\) a dz < sup \(^ 2k -iv *A)(^)(1 + \z\) a+d+1 \ < 2 ( fc -^)^ +1 ) , 

jR d “ 

where we used [521 Lemma 1] in the last step. In case 0 < t < k we estimate similarly to obtain 

Ji* - { RJ i(* * a 2 - (1 -, v „( 2 ))ki + 2 k -‘u\z\/vr dz < 
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where L can be chosen arbitrarily large since A e <So(R d ) fulfills moment conditions for all 
L e N 0 . 

For i > k = 0 we estimate as follows, taking advantage of E e ^(R^), 

Je ,0 = f , \(^ 2 ^v *®u) *S(z)|(l + \z\) a dz 

m d 

< sup \(* 2 . tv * 0 u )(y)( 1 + \y\) a+d+1 \ f f \E(z - y)|(l + \z - y\) a (l + \y\r d ~ l dzdy 
ye R d 

< sup |(* 2 -v« * ©X^X 1 + \y\) a+d+1 \ L f d U + kl)“ d_1 (i + \y\r d ~ l dzdy < 2~^ R+1 \ 

,,=» d jR d JR d 


Using 1 + t\x\ ^ max{l,t}(l + |x|) and 1 + \x + y\/t < (1 + \y\/t)(l + | x\/t) for t > 0 and 
x,y eR d we further deduce for k e N 


^U u f)a{y) < ($*- fcu /)a(s)( 1 + 2 k \x - y \/u) a 

< ($*_ fcu /) a (x)( 1 + 2 £ |z - y|/w) a max{l, 2^ k ~^ 

and ($q f) a {y) ^ (^o/)a(^)(l + 2 £ |x — y\/v) a . Altogether, we arrive - for k ^ 1 - at 


sup 

yeR d 


\(^2~ e v * A 2 -*u * ($2~ k u * f))(y)\ 

(1 + 2 e \x — y\/v) a 


~ ( $ 2 -k u f)a(x) 


2{k-£)(R+ 1) 
2(^-fc)(L+l-2a) 


£ > k, 
l < k, 


with an implicit constant independent of u e [1,2] and v e [1/2,4]. For A; = 0 we obtain 

1 (^ 2 -^ * A 0 ,u * $0 * f)(y)\ < ((b * f }_(^ 0 -£(R+l) 


sup 

yeR d 


(1 + 2?-\x — y \/v)° 


($S/) a (x) 2 - 


We thus conclude from ( 13 . 81 ) that uniformly in t,u€ [1,2] 

<^2 -e t f)a(x) = sup (^2 -l v f)a(x) 

t/2^v^2t,v<l 

{ n(k-£){R+ 1) 

< 2( «_* )(I+1 _ 2a) 

fceN l 

Writing w^ t {x) = w(x , 2 _£ t) for £ e N and wq^{x) = w(x, oo) we have 


: £^k, 
:£<k. 


( 2^~ k )°2 

weAx^kA*)- 1 ^ | 2 (/-fc) ai 


k, 

£ < k, 


as a consequence of (Wl), (13.21) . and (13.31) . Multiplying both sides with w(x, 2 we finally 
derive with an implicit constant independent of t,u e [ 1 , 2 ] 




2- < i)<tf*_* t /> 0 (x) < «;(®,c»X*o/)a(®)2“ /( * +1 “ aa) 


+ 2 feu )( $ 2-^/)«( X ) 

keN 


2{k—l)(R+l—a2) 

2(i—k)(L+l—2a+ai) 


£^k, 

i <k. 


37 




Choosing L ^ 2a — oq we have with 0 < <5 = min{l, R + 1 — a^} the central estimate 


<*;-<,/>.(*) s (4;/) “ (l ) + 2 (3-<» 


Step 2. We show ||/|F- );?( . ) (R d )|| 1 = l|/|^. )i , ( . ) (R d )| 2 ,3- The direction ||/|i^. )>?( . } ( 


< 


ll/l i W R<i )ll 2 > 3 is obvious and [t remains to verify ll/l- F ^. )i?( . ) (R d )|| 3 ^ ll/l i? ^. )ig( . ) (R d )li- 
We use (13.91) with T = <f>. Choosing 0 < 5 ^ 5 we obtain for any r > 0, using an embedding 
argument if 0 < r ^ 1 and Holder’s inequality otherwise, 

<-f> 2 %/®zK(z,2-'«) a 2-"V(x,so m/Ux) + Yj 2- |t -' |ir »'(x.2-‘»)($;_,„/);(x). 

fcsN 

To estimate the sum on the right hand side we use (2.66) proved in Substep 1.3 of the proof of 
|oUl Thm. 2.6]. It states that for x £ R d , / e S'(R d ), k £ N, u £ [1,2), r > 0, and 0 < a ^ N for 
some arbitrary but fixed N £ Nq 


w < c ’' j ^ r " r 2 W 'J.' ii + 2 ‘k - »d 


|($2-<*»+j>« * f)(y) r 


dy, 


(3.10) 


where the constant Cn is independent of x,f,k , and u £ [ 1 , 2 ), but may depend on r, a and 
N. Taking into account (W2) and (13.11) . which give the relation w(x, 2 ~ k u) < 2~^ ai (l + 2 k \x — 
y\) a3 w(y, 2~(i +k ' ) u) and (1 + 2 k \z\)~ M ^ 2 jM (1 + 2 k+ i\z\)~ M , this leads to 

<d? * 2 _ H fy a (x)w r (x,2-h ) < 2-"W(s,oo)($S/)^(s) 

V n-\k-i\Sr V n-irN n (k+j)d f I ($2 -(*+j)u * f) (y) w (yi 2 _ (- 5+fc )'u) | r 

k A ■ (i+ 2 ^>-»i)<-«>" * (3J1) 

with IV = N — a + a\ + > 0. Since x £ R rf is fixed we can apply in t the L q r x y r ([ 1,2); 

norm with r < min{p~, q~ }. This changes only the constant and the left-hand side of (j3.Ill) . 
The Tg-/ r ([l, 2); ^) (quasi-)norm in the variable u only affects the right-hand side of (13.111) . 
With Minkowski’s integral inequality we obtain 

f 2 rlt\ r/q< ' x ' > 

J K* 2 -<./>a(x)»(x, 2 -'t)|'>(*) T j -2-“V(x,»)($S/);(x) 


< ^ 2 _ l fc_£ l 5r ^ 2~^~ k ^ r 2^ d r 

fcG N jsNo ^ 


f)(y)w(y,2-^u)r^y /q 


(1 + 2?\x -y|)( a -“3) r 


■dy 


^ ^ ^ ^ ^ 2——As|-ZVr* 

/ceN je No 

vd( 


Vj,(a-a 3 )r* |($2-J U * 2 J “)l 




r/(j 


0 ) 


with functions r?^ m (x) = 2 i '“(l + 2 l '|aj|) m . 

Now we choose r > 0 such that a ^ Q3 < r < min{p - ,g - }, which is possible since a > + 


, and N such that N > 0. Applying the L p ^y r (£ q ^y r ) norm with respect to x 
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and feN and using Lemma 13.121 twice together with Lemma 13.101 (note (a — 0:3 )r > d) then 
yields 




dt 


r/q(-) 




— C 


w(;CC)($* 0 f) a (-)\L p{ . 


< 


< 


Ve,(a-a 3 )r* Q I Ml' 

r 2 _ d 

k® 2 -,„./)(■)»(•, 2-<„)r- 

Ji < 


du 


r/q 


(x) 


^~ l p(.-)/ r ^q(. , )/r) 


^-'p(-)/r{^q(-)/r) 


(3.12) 


Finally, we use Holder’s inequality to estimate the integral in the last norm. We use 0 < q ^ 
q(x) and get 


-du\ 


< 


< 


jj l($ 2 -t u * f)(x)w(x,2 e u) I u J 

^ |($ 2 -*« * f){x)w(x,2- e u)\ q W—} 

Using this estimate we can reformulate (13.1211 into 
" ' f 1 d \\ 


r/q(x) / r 2 T A r / q 


U ) 

d U y g{x) 


1 


du\ /y '(py 

u ) 


< 


W (;CC)(<S>*f) a (-)\L p{ . 


f 1 dW 

J o l(#W)(>M)l sH T ' 


1/9(0 


L 


'p( 0 


The inhomogeneous term (<Lq f) a (x) needs to be treated separately. The argumentation, how¬ 
ever, is analogous to the exposition before with (13.101) replaced by the inequality 




^ ^ 2~kNr2kd 
ke N 



1 (^ 2 -*u*f)(y)\ r d f l($o *f)(y)\ r 

(1 + |x — y\) ar JlR d (1 + \x - y\) ar 


In the Besov space case we do not need the functions rn and one can work with the usual 
maximal operator A4 together with Lemma 13.31 see [36) for details. 

Step 3. In the third step we show ll/l^.y^qOMlh - 11 / 1 ^ 0 , 9 ( 0^^ 3 ~ ll/l-^OMO^^ 4 ’ 
We immediately observe ll/M™.),g(.)( R<i )ll 2 ^ ll/l i? p 1 (.), (? (.)( R<i )ll3- 

Substep 3.1. To prove ll/l^o^oOMb ^ ll/l i? p "(.), g (.)( Rd )ll4 we apply (EH) with u = 1 and 
\L = T . Since the inhomogeneous terms are identical, it suffices to estimate the homogeneous 
part. Integration with respect to dt/t yields for <eN 

( f \w(x,2-^*. et f) a (x)\^^)^ £2- a w 0 {x)(** 0 f) a {x)+ 2 2-1 k ~^w k (x)(^ k fUx). 
3 fcsN 
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Let us denote the function on the right-hand side of the previous estimate by G £ . Applying the 
vector-valued convolution inequality of Lemma 13. 12 1 then proves 


oo r 2 

51 


H-,2-'t)<4W> 0 (.)|« H 


dt\ 1 /q() l 


t 


L p(-) ^ IK G 4teNl I 'p(0(4(-))l 


< ho(^/) a |^ ( . ) ll + HK(^- fc /)a} fee Nl^(.)(^(-))ll = \\f\ F PiUi)h- 


Substep 3.2: Let us finish by proving ||/|i^L g (.)(® d )l|4 ~ g(-)(®- rf )ll2- Again it suffices 

to estimate the homogeneous part. For this we let t = 1 and T = <1> in (13.91) . If q(x) ^ 1 we 
can use Minkowski’s inequality to deduce 


w £ (x)($*-tf) a (x) 


<2 e5 w(x,co)(^f) a (x) 

+ J I" \w k , u (x)(Z* 2 - t JUx)\^ -) V ' W 


Applying the i q r x yi\oiin on both sides, Young’s convolution inequality then yields 

2 w £ (xy^(<S>*_ e fUxyW < {w(x,co){<f>Zf) a (x))*W (3.13) 

^eN 

he N Jl u 


If q(x) < 1 we use the g(x)-triangle inequality 


(we(x)m-tf)a(x)j 


q(x) < 2 -^\w(x,oo)($*f) a (x)yW 


+ Y 2 - |fe - e ^ x)S f \w k}U (x)(^ k JUx)\^ 

teN Jl 


du 

u 


Now we take on both sides the t \ -norm with respect to the index t e N and take into account 
SfcsN 2~^ q ^ s ^ C. We thus arrive at the same estimate (13.131) . Taking the -L p (.)-quasi-norm 
of (13.131) finishes the proof of Substep 3.2 and hence Step 3. 

Step f: Relation (13.91) also immediately allows to change to a different system To, T, however 
in the discrete setting the change of systems has already been shown in |36| . 

Remark 3.13. The previous theorem ensures in particular the independence of Besov-Lizorkin- 
Triebel type spaces with variable exponents from the chosen resolution of unity ifp,q £ V log (R d ) 
with p + < oo, q + < oo in the F-case and p e V l ° e (M. d ), q £ (0, oo] in the B-case. 


4 Variable exponent spaces as coorbits 


In order to treat the spaces -(R d ) and F^ ^ as coorbits we utilize an inhomogeneous 

version of the continuous wavelet transform, which uses high scale wavelets together with a base 
scale for the analysis. The corresponding index set is A = x [(0,1) u {oo}], where oo denotes 
an isolated point, equipped with the Radon measure p defined by 





40 













The wavelet transform is then given by = (/, y? x ), x e X, for a continuous frame 

T = {</?x}xeA' on TL = L 2 (M . d ) of the form 

¥>(s,oo) = T x$o = M- - x ) and V(x,t) = T x T>t 2 <i> = t~ d/2 i !>((• - x)/t) , (4.1) 

with suitable functions 4 ) o 5 < 1 > e L 2 (R d ). Such a frame F = .F^o, 4?) will in our context be 
referred to as a continuous wavelet frame in L 2 (R d ). 

Definition 4.1. A continuous wavelet frame T = J r (4>o, < l ) ) is admissible if <3?o e S(R d ) and 
4> e 5o(R d ) are chosen such that they satisfy the Tauberian conditions (i33i) . m and the 
condition 

|$(^)| 2 ^ = C for a.e. feR d . 

An admissible wavelet frame J r (4>o,$) represents a tight continuous frame in the sense of 
m- To see this, apply Fubini’s and Plancherel’s theorem to get 

C||/|£ 2 (K ' 1 )|| 2 = |/( 0 | 2 (|« 0 «)I 2 + £ l®(( 0 l 2 £) di - (2 *)-*£ K/.^lXx). 



4.1 Peetre-Wiener type spaces on X 

We intend to define two general scales of spaces on X, for which we need a Peetre type maximal 
function, given for a measurable function F : X —> C by 

V*F(x,t) := ess sup , x e R d , 0 < t < 1, 

2 S RV<i (1 + |2|/r) 

V*F(x, oo) := esssup |F(x+ . Z ;. G0)l , xeR d . 

*R- (! + M)“ 

The operator V* is a stronger version of the usual Peetre maximal operator V a , which does not 
take the supremum over t and was used e.g. in [50]. 

Definition 4.2. Let p,q £ V log (R d ) with 0 < p~ ^ p + < oo and 0 < q~ ^ q + < oo and let 
0 < q ^ oo. Further, let a > 0 and w £ W ") 5 a . Then we define by 


%A«W = : ^ “> C : ll F l L P(-),«>H < °°> 

two scales of function spaces on X with respective quasi-norms 


1 ^-),*(■),«! := |T p( .)(R d ) 


j) I L p(-)( R ) 


IlFlL' 




u;(-,cx))P:F(.,®)|L p( . ) (R rf ) 

f <,t)P*F(-,t)|L p( .)(R d ) 
Jo 


? d£\ V? 

TJ 
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It is not hard to verify that in case a > d/p~ + 0:3 these spaces are rich solid QBF-spaces as 
defined and studied in Subsection 12.11 Moreover, the utilization of the Peetre-Wiener operator 
V* ensures that they are locally integrable, even in the quasi-Banach case in contrast to the 
ordinary Peetre spaces where V a is used instead of V*. In fact, there is an associated locally 
bounded weight function given by 


^ w,p(-),q (•) i. x i 


t ai ~d/P (l + \ x \) a * , xeM d ,0<t<l, 

(1 + jxj)" 3 , x e R d , t = 00 , 


(4.2) 


such that the following lemma holds true. 


Lemma 4.3. We have the continuous embeddings 


r>w 

p(-), ?(■)>“ 


(*) 




and 




00 


(X). 


Proof. It is useful to interpret the component x (0,1) of the index X as a subset of the 
ax + b group Q = R d x ( 0 , 00) with multiplication (x,t)(y,s) = (x + ty,ts ) and (x,f ) _1 = 
(—x/t,l/t). Let U~ 1 be the inversion of U := [— 2, 2] d x [~,2] and define := {x,t)U~ l 

and U( x . t) := ( x,t)U . Further put Q (X)t) := x + t[- 1 , l] d and U {x>ao) := U( x , x ) ■= Q(x, 1 ) x {°°}- 
Then we can estimate for F : X — * C and almost all (x, t) e X at every fixed (y, s) e X 


\ F ( x ,t)\xu^ t) {y,s) ess sup 

(x,t)eXnU(y t . 


\F(x,t)\<V* a F(y,s). 


For convenience, let us introduce 


\\ F \M, 






( f 1 


?(•) dt\ V9(0 

w(-,cc)F(-,co)\L p{ . ) 

+ 

(1 


T J l^(-) 


We obtain for almost all (. x,t ) e X 


It remains to prove t) > ■ Since t / _1 3 [-1, l] d x [±,2] we have 

U( x ,t) 3 Q{x,t) x [§, 2 f], If 0 < t < 1 it follows for x, y e R d 

(Jo ^ w ^ y,s ^ Xu ^ y,s ^ q{v) '7') /q(V) ~ ln (^) 1/q{y)w (y^)xQ ix , t) (y) z w(y,t) X Q iatt) (y) 

and XU( x t) (y, 00 ) = 0. The properties (Wl) and (W2) of w e W “ 3 iQ2 further imply 


w(y,t) > w(x,t)(l + \x — y\/t) “ 3 > t ai (l + |x|) “ 3 (1 + \x — y\/t) “ 3 . 

This leads to llxc/ 0 c , t) l M ^.) )(? (.)ll > t~ ai { 1 + [x|)-" 3 \\XQ (att) OX 1 + I* “ , lA)““ 3 l L j>(oll- 
Since \\XQ (x , t) \ L P (-)\\ > \ min{|Q (X)t ) | 1/p+ , |Q(z,t)| i/p_ } by [161 Lemma 3.2.12] and |Q( X)t) | = (2f) d 
we obtain ||%q t) |L p Q || > t d / p and finally arrive at 

!xtW ) l M pT ) ,? ( -)l ~ + l x D _Q3 \\XQ(x,t) l-L p (.) ( Rd )|| > , 

where %Q (;r (y)(1 + |x — y |/i) - " 3 — XQ (a . t) (y) was used. If t = 00 we can argue analogously. I 
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4.2 Coorbit identification 


As the following lemma shows, every admissible wavelet frame P = 4*) hi the sense of 

Definition 14.II is suitable for the definition of coorbits of Peetre-Wiener spaces. 

Standing assumptions: For the rest of the paper the indices fulfill p, q e P log (R d ) (4.3) 

with 0 < p~ ^ p + < oo, 0 < q~ ^ q + < oo. Further q e (0, oo] and w e Q2 for 
arbitrary but fixed 02 ^ a 1 and a 3 ^ 0. 


Lemma 4.4. An admissible continuous wavelet frame P in the sense of 6H> with generators 
4> 0 e S(R d ) and <f> e <S 0 (R d ) has property F(v,Y) for Y = Pp(.) <q (.) ia ( x ) and Y = L p(.),q, a ( X )> 
and where v = v w #(.) t q(.) is the corresponding weight from (14.21) . 

Proof. The proof goes along the lines of [50l Lem. 4.18]. The kernel estimates in [ 50] Lem. 
4.8, 4.24] have to be adapted to the Peetre-Wiener space. This is a straight-forward procedure 
and allows for treating as well the quasi-Banach situation. I 

Now we are ready for the coorbit characterization of fTW -(R d ) and ^ ^(R d ). Note that 
the weight w defined in (14.41) is an element of the class W“' 3 +rf/2 a2+d / 2 - 

Theorem 4.5. Let p(-), q(-), q, w fulfill the standing assumptions (14.31) . We choose an 
admissible continuous wavelet frame P = 4*) according to Definition Putting 


w(x, t ) 


t d Pw(x, t ) , 0 < f < 1, 
w(x, 00) , t = 00 , 


(4.4) 


we have = Co(P ,L^ - a ) if a > ^ + a 3 and F^ lq ^(R d ) 

a > max{^-, + 0:3 in the sense of equivalent quasi-norms. 


Co (P,P 


W 

?(■).?(•) 


J */ 


Proof. By Lemma 14.41 the coorbits exist in accordance with the theory. Now, let f e 5(R rf ) 
and F(x,t ) := Vj^f(x,t) = (f,<P(x,t)} with p/ Xl t) as i n (j4.ll) . According to (59] Lem. A.3] 


\Vjrf(x,t)\ sc C N (f)G N (x,t ) with G N (x,t ) = 

where N e N is arbitrary but fixed and Cjv(/) > 0 is a constant depending on N and /. 
Choosing N large, we have Gn e Lf(X) and thus F e Lf(X) with ||i ; ’|Lj'|| ^ C'7v(/’)||G r 7v|-^ill- 
This proves / e Pf. Even more, given a sequence (/n) ne pj c 5(R rf ) we have Cjv(/n) —0 if 
fn — > 0 in S(M. d ). This is due to the fact that the constants Cj\r(f n ) can be estimated by the 
Schwartz semi-norms of f n up to order N (see proof of [59l Lem. A.3]). Hence, P cz <S(R rf ) Pf 
and the voice transform Vj extends to S'(M. d ). Moreover, by a straight-forward modification 
of the argument in [34] Cor. 20.0.2], the reproducing formula is still valid on tS^R^). Therefore 
we may apply Lemma 12.281 and use the larger reservoir iS^R^). 

To see that the coorbits coincide with B™^ g(R d ) and Fp(.) <7 (.)(lR rf ), note that the functions 

= 4>(—•) and <3?o = $o(~) satisfy the Tauberian conditions (13.51) . (13.61) and can thus be used 
in the continuous characterization of Theorem 13.111 Recall the notation = t~ d &(-/t). The 
assertion is now a direct consequence of the possible reformulation (Vj-/)(-, 00) = 4>o * f and 

(V>/)(x, t ) = * /) (x) = t dl2 (4. t*f)(x ) , 0 < t < 1, X e R d . 


t N ( 1 + |x|) N , 0 < t < 1, 

(1 + |x|) -Ar , t = GO, 
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4.3 Atomic decompositions and quasi-Banach frames 

Based on the coorbit characterizations of Theorem 14.51 we can now apply the abstract theory 
from Section [2] in our concrete setup, in particular the discretization machinery. We will 
subsequently use the following covering of the space X. For a > 0 and f3 > 1 we consider the 
family U a ' fj = {Uj,k} jeNokeZ d of subsets 

Uo,k = Qo,k x {go} , keZ d , 

U jtk = Q jik x [/ 3 ~ 3 , (3 ~ J+1 ) , j e N, k e Z d , 


where Qj.k = a/3~ 3 k + a/3~ 3 [ 0, l] d . Clearly, we have X cz |J ^ ke % d Uj,k and U = is an 
admissible covering of X. 

The abstract Theorem [2748] provides atomic decompositions for B™ | ^ -(R d ) and F™^ q ^(M. d ). 
To apply it we need to analyze the oscillation kernels osc a>i g := osc^r and osc* ^ := osc^ r , 
where we choose the trivial phase function T = 1. This goes along the lines of |50l Sect. 4.4] 

Proposition 4.6. Let T = be an admissible wavelet frame, Y = L™^- a (X) or 

Y = Pp(.) a (A), and v = v w ,p(-),qf) th e associated weight (14.21) . 

(i) The kernels osc a ,p and osc* p are bounded operators on Y and belong to A m „. 

(ii) If a l 0 and (3 [ 1 then ||osc Q , i/ g|SY; m „|| —» 0 and jjosc* p\P>Y,mv || —* 0. 

Proof. The proof is a straight-forward modification of |50[ Lem. 4.22], Similar as in Lemma 
1441 above we have to adapt the kernel estimates to the Peetre-Wiener spaces. I 

Finally, Theorem 12. 48l vields the following discretization result in our concrete setting, which 
we only state for P^ since for ^ ~(R rf ) it is essentially the same. 

Theorem 4.7. Let p(-), (/(■), w fulfill the standing assumptions (14.31) . assume further a > 
rna x{d/p~,d/q~} + 03 and let w be given as in (14.41) . For an admissible continuous wavelet 
frame T = {</? x }xe.Y there exist ao > 0 and /3o > 1, such that for all 0 < a ^ «o and 1 < /3 ^ /3o 
the family P d = {ip Xjk } . gNo keZ d with = {ak/3~ j , f3~ j ) for j e N and x 0) fc = (ak, 00) is a 
discrete wavelet frame with a corresponding dual frame £ d = { e j ; fc} ?e jq o ke ^d such that 

(a) IffeF™. ^ q ^(M. d ) we have the quasi-norm equivalence 


11 / 1 * 27 . 


P( 0 > 9 ( 0 ' 


{</1 Vx^)} jeHQ keI d | { P p{.),q{.),at 

{</, e j,k)} je N 0 , fce Z d I II' 


(b) For every f e F^^fS. 4 ) the series f = J] J] </, ej,k)Tx jik = J] 2 </> Tx j}k )e j:k 

jeN 0 keZ d jeNo ke Z d 

converge unconditionally in the quasi-norm of F^ 

Proof. The assertion is a consequence of the representation F™^ q ^(R d ) = Co(•*", *^(.) g (.) 0 ) 
and Theorem l2.48l In fact, Proposition 14. 6l proves that T has property D(5, n, Y) and D(5, u, L 2 ) 
for every <5 > 0. Also note that (P^ a ) tl = (P^ a )^ with equivalent quasi-norms. I 
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4.4 Wavelet bases 


According to Appendix I A. 2 1 we obtain a family of systems Q c , c e E := {0, l} d , whose union 
constitutes a tensor wavelet system in L2(R d ). Our aim is now to apply the abstract result 
in Theorem 12.501 to achieve wavelet basis characterizations of -(R d ) and q (.)(M d )- We 
have to consider the Gramian cross kernels K c = Ku[Gc,F] and K* = Kfj\Q c , P] from (12.131) 
in our concrete setup. 

Lemma 4.8. Let Y = L™^- a (X) or Y = P^ g (.) a (X) with associated weight v = v w,p{-),q{-) 
given in (14.21) . Assume that a > 0 andp(-), q(-), q, w fulfill the standing assumptions (14.31) . 
Let further P = P^O)^) be an admissible wavelet frame, Q c be the systems from above, and 
K c = Ky\Q c , P], Kf = Kjf\Q C .J-\, ce E, the corresponding Gramian cross kernels. Then the 
kernels K c and Kf define bounded operators from Y to Y. 

Proof. The proof is analogous to the treatment of the kernels osc in Proposition 14.61 see also 
[501 Lem. 4.24], ■ 

Now we are ready for the discretization of -(R^) and P)')^ ^^(R rf ) in terms of orthonor¬ 
mal wavelet bases. We again only state the result for P^ q ^(M. d ) for the sake of brevity. 

Theorem 4.9. Letp(-), q(-), w e Q fulfill the standing assumptions (14.31) . assume further 
a > ma x{d/p~,d/q~} + 03 and let w be given as in (14.41) . Let if 0 , if 1 e L2 0R) be the Meyer 
scaling function and associated wavelet. Then every f e P^ q ^(M. d ) has the decomposition 

f = 2 S - k) + 2 2 S ■ -k) 

ceE keZ d ceE\{0} jeN ke Z d 

with quasi-norm convergence in P^ g ^(R d ) a nd sequences X c = k }j e N ke jd defined by 

Xl k = (f,2%if c (2 j --k^s'xs , jeN 0 ,keZ d , 

which belong to the sequence space (P(^ q ^ a )^ for every c e E. Conversely, an element f e 
belon 9 s t0 F p(-),q(-)( Rd ) aU sequences X c (/) belong to 

Proof. The statement is a direct consequence of Theorem 14. 5 1 and Theorem (230] The required 
conditions of the kernels K c ,I\f, ce E, have been proved in Lemma 14.81 

A Appendix: Wavelet transforms 

A.l The continuous wavelet transform 

As usual 5(M rf ) denotes the locally convex space of rapidly decreasing infinitely differentiable 
functions on R d and its topological dual is denoted by S'(M. d ). The Fourier transform defined 
on both 5(R rf ) and <S'(R rf ) is given by f(tp) := f(fi), where / e <S'(R rf ), cp e 5(R d ), and 

<p(£) := (2vr)- d / 2 f e~ ix <ip(x)dx. 

m d 

The Fourier transform is a bijection (in both cases) and its inverse is given by = <p(--). 
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Let us introduce the continuous wavelet transform. A general reference is provided by the 
monograph |131 2.4], For x £ R rf and t > 0 we define the unitary dilation and translation 
operators V^ 2 and T x by 


Vt 2 g = t d,2 g {-) and T x g = g{- - x) , ge L 2 { R d ). 


The vector g is said to be the analyzing vector for a function / £ L 2 (R rf ). The continuous 
wavelet transform W g f is then defined by 


W g f(x,t) = <T x V^g,f > , xeR d ,t>0 1 

where the bracket (■, ■) denotes the inner product in L 2 (R d ). We call g an admissible wavelet if 

| 5 ( 0| 2 


-1 


R d l£| c 


d£ < oo. 


If this is the case, then the family {T x 'D^ 2 g} t>0 represents a tight continuous frame in 
L 2 (K) where C\ = C 2 = c g . 

Many consideration in this paper are based on decay results of the continuous wavelet 
transform W g f(x, t). This decay mainly depends on moment conditions of the analyzing vector 
g as well as on the smoothness of g and the function / to be analyzed, see (59i Lem. A.3] which 
is based on [52] Lem. 1] 


A.2 Orthonormal wavelets 
The Meyer wavelets 

Meyer wavelets were introduced in m and are an important example of wavelets which belong 
to the Schwartz class <S(M). The scaling function ip° £ <S(R) and the wavelet ip 1 e <S(R) are real, 
their Fourier transforms are compactly supported and they fulfill 

^°(0) = (27r)~ 1//2 and supp?/; 1 c 

Due to the support condition we have infinitely many moment conditions (13.61) on ip 1 and 
both functions are fast decaying and inhnitly often differentiable, see |60l Section 3.2] for more 
properties. 


8 

2 


2 

8 

-7T, 

3 

-7T 

3 

u 

-7r, 
3 

—7r 
3 


Wavelets on R d 


In order to treat function spaces on M. d let us recall the construction of a d-variate wavelet basis 
out of a resolution of unity in R rf , see for instance Wojtaszczyk [60]. It starts with a scaling 
function ip° and a wavelet ip 1 belonging to L2OR). For c e E = { 0, l} d the function ip c : R d —> R 
is then defined by the tensor product ip c = (X)f =1 ip c% . i.e., ip c (x ) = Y\i=i' l P Ci ( x i)} an< ^ we ^ 
= be the system with 




(x,t) 


T x T>t 2 ip c 

T x r 


0 < f < 1, 

t = 00, 


if c ^ 0 and 


0 , 0 < t < 1, 
T x ip° , t = 00 . 
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